ENGINEERING MATHEMATICS-I 15MAT11

SYLLABUS
Engineering Mathematics-I
Subject Code: 1I5MAT11 IA Marks: 20
Hours/Week: 04 Exam. Hours: 03
Total Hours: 50 Exam. Marks: 80

Course Objectives

To enable students to apply knowledge of Mathematics in various
engineering fields by making hem to learn the following:

* nth derivatives of product of two functions and polar curves.

* Partial derivatives.

* Vectors calculus.

 Reduction formulae of integration to solve First order
differential equations

* Solution of system of equations and quadratic forms.

Module -1

Differential Calculus -1:

Determination of nth order derivatives of Standard functions -
Problems. Leibnitz’s theorem (without proof) - problems.

Polar Curves - angle between the radius vector and tangent, angle
between two curves, Pedal equation for polar curves. Derivative of
arc length - Cartesian, Parametric and Polar forms (without proof)
- problems. Curvature and Radius of Curvature — Cartesian,
Parametric, Polar and Pedal forms(without proof) and problems.
10hrs

Module -2

Differential Calculus -2

Taylor’s and Maclaurin’s theorems for function of o ne
variable(statement only)- problems. Evaluation of Indeterminate
forms.

Partial derivatives — Definition and simple problems, Euler’s
theorem(without proof) — problems, total derivatives, partial
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differentiation of composite functions-problems, Jacobians-
definition and problems . 10hrs

Module -3

Vector Calculus:

Derivative of vector valued functions, Velocity, Acceleration and
related problems, Scalar and Vector point functions.Definition
Gradient, Divergence, Curl- problems . Solenoidal and Irrotational
vector fields. Vector identities - div ( F A), curl ( F A),curl (grad F
), div (curl A). 10hrs

Module- 4

Integral Calculus:

Reduction formulae | sin"x dx Jcos™x dx Jsin"xcos™xdx,, (m and n
are positive integers), evaluation of these integrals with standard
limits (0 to 1/2) and problems.

Differential Equations:

Solution of first order and first degree differential equations —
Exact, reducible to exact and Bernoulli’s differential equations.
Applications- orthogonal trajectories in Cartesian and polar forms.
Simple problems on Newton’s law of cooling.. 10hrs

Module -5

Linear Algebra Rank of a matrix by elementary transformations,
solution of system of linear equations - Gauss- elimination method,
Gauss- Jordan method and Gauss-Seidel method. Rayleigh’s
power method to find the largest Eigen value and the
corresponding Eigen vector. Linear transformation, diagonalisation
of a square matrix, Quadratic forms, reduction to Canonical form
10hrs
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MODULE |

DIFFERENTIAL CALCULUS-I

CONTENTS:
o Successive dIfferentiation ...ce.eeeeeeeeiiiieieeireieceerenreeeceacensens 3
@ nth derivatives of some standard functionS......c.ceceeeeeeeneenen. 7
® Leibnitz’s theorem (without proof).......cccccvvviviiiinniinnnn.. 16
e Polar curves
® Angle between Polar CUINVES....cvveiiiiniiniieiiatieieecntsnrensnes 20
® Pedal equation for Polar CUNVES.....ccvevveiiiniiniieeiienieninnsenne 24
® Derivative of arc 1ength...c..eeeeeeieiiiiiiiiiiiiiiiiiieiireneennee 28
o RadiUS OF CUNVATUIE...ieieiieiieeeiereeeneenatensennsensensccnsensanscnns 34

e Expression for radius of curvature in case of Cartesian Curve ...35

e Expression for radius of curvature in case of Parametric

e Expression for radius of curvature in case of Polar Curve.........41

e Expression for radius of curvature in case of Pedal Curve.........43
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SUCCESSIVE DIFFERENTIATION
In this lesson, the idea of differential coefficient of a function and its successive
derivatives will be discussed. Also, the computation of n™ derivatives of some
standard functions is presented through typical worked examples.

1. Introduction:- Differential calculus (DC) deals with problem of calculating rates of
change. When we have a formula for the distance that a moving body covers as a
function of time, DC gives us the formulas for calculating the body’s velocity and
acceleration at any instant.

e Definition of derivative of a function y = f(x):-

y )
Fx A y=fix)
{/
P £y
Jix) 71 ar )
0 x x+ix

f(x+Ax)— f(x)

AX
The derivative of a function y = f(x) is the function f’'(x) whose value at each x is
defined as

Fig.1. Slope of the line PQ is

dy
dx

f'(x) = Slope of the line PQ (See Fig.1)

lim f(x+Ax)— f(x)
Ax—0 AX
AIim0 (Average rate change)

1)

Instantaneous rate of change of f at x provided the limit exists.

The instantaneous velocity and acceleration of a body (moving along a line) at any instant
X is the derivative of its position co-ordinate y = f(x) w.r.t x, i.e.,

Velocity = @ 0 D —— (2)
dx
And the corresponding acceleration is given by
d?y
Acceleration = o f'(x)  eemeeeee- (3)
X
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Successive Differentiation:-
The process of differentiating a given function again and again is called as

Successive differentiation and the results of such differentiation are called
successive derivatives.

e The higher order differential coefficients will occur more frequently in spreading
a function all fields of scientific and engineering applications.

e Notations:
2 3 n
i. d_y,d Zd—g ........ , n" order derivative: d’y
dx dx°  dx dx"
i f'(x), £"(x), f"(X),......, n"" order derivative: f"(x)
iii Dy, D%y, D%y,............ , n" order derivative: D"y

vy L,y Yy , n™ order derivative: y™
VoY, Yo Vs n™" order derivative: Y,
e Successive differentiation — A flow diagram

Input function: y = f(X) | operation |Output function y'= 3—f = f'(x) (first order
> d > X
derivative) >
H ’ ’ - H 14 d ? f n
Input functiony’ = f'(x) | Operation |Output function vy =d—2 = f"(x) (second order
" % > K
derivative) i
H 14 14 - H " d : f " H
Input function y” = f"(x) | Operation |Output function y" = v = f"(x) (third order
MY — X
derivative) i

Input function y"* = f"*(x) | Operation |Output function y" = Z : = f"(x) (nth order
" ddx > X

derivative)
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Calculation of n™ derivatives of some standard functions
e Below, we present a table of n™ order derivatives of some standard functions for

ready reference.

= f(x n
ﬁllc.) y =1f(x) ynzzx}l/:Dny
1 e™ m"e™
2 a™ m"(loga)'a™
3 (ax+b)" i.  mm-1{m-2)..(m-n+1)a"(ax+b)"™" forall m.
ii.  O0if m<n
i. (na" if m=n
: m! men
\Y2 mx if m<n
4 1 =)"nt
(ax+b) (ax+b)™
S. 1 D"(m+n-1)!
(ax+b)" (m—1)!(ax +b)™" ?
6. log(ax + b) (-)"*(n-1)! o
(ax +b)"
7. sin(ax +b) a" sin(ax+b+n%)
8. cos(ax +b) a" cos(ax +b+n7%)
9. e¥sin(bx+c) | r"e™sin(bx+c+nd), r=va>+bh?  O=tan(%)
10. | e™cos(bx+¢) | rrecos(bx+c+nd), r=+a?+b?  O=tan (%)

o We proceed to illustrate the proof of some of the above results, as only the
above functions are able to produce a sequential change from one derivative to
the other. Hence, in general we cannot obtain readymade formula for nth
derivative of functions other than the above.

1. Considere™. Let y=e™ . Differentiating w.r.t x, we get
y, = me™. Again differentiating w.r.t x, we get

y, = m(me"‘x)

2 o mx

=me

Similarly, we get

y;= me
y,= me

34 MX

4  mx

And hence we get
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n.mx

y,= me

o mx]: me™
X

2. (ax+b)"
let y = (ax+b)" Differentiating w.r.tx,
y,=m (ax+b)"a . Again differentiating w.r.t x, we get
y,=m (m-1) (ax+b)"*a?
Similarly, we get
y;=m (m-1) (m-2) (ax+b)"°a®

And hence we get

y,=m (m-1) (m=2).......... (m-n+1) (ax+b)""a" forall m.
Case (i) If m=n(m-positive integer),then the above expression becomes
y,=n (n-1)(n-2).......... 3.2.1(ax+b)""a"
ey, =(n)a"

Case (ii))  If m<n,(i.e. if n>m) which means if we further differentiate the above
expression, the

right hand site yields zero. Thus D" [(ax + b)mJ: 0 if(m<n)
Case (iii) If m>n, theny, =m(m—1)m—2)....(m—n+1)ax+b)""a" becomes
m(m—-1)m—-2).....m—n+1 m-n)! (ax+b)™" "

(m—n)!

ie ynz(m_n)l(ax+b)mn a"
1
(ax+b)
Let y:(axib)m = (ax+b)™

Differentiating w.r.t x
y, =-m(ax+b) " ta=(- 1)m(ax +b)™a
Y, = (—1)m)— (m+1)ax+b) " al= (_1) m(m +1)ax +b) ™ a?
Similarly, we gt y, = (~1)’m(m+1)m+2)ax+b) ™a
y, = (1) m(m-+1)m+2)m+3)ax+b) ™ *a*
y, =(=1"m(m+1{m+2)...(m+n-1) ax+b) ™ "a"
This may be rewritten as
()" (m+n-2)m+n-2)..(m+Ym(m-1)!

—(m+n) . n
y, = (1) (ax+b)"™"a
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(=) (m+n-2) o

4.

(ax+b)

Putting m =1, in the result
_1\" 11
D" 1 _ (=D'(m+n-1)! an
(ax+b)™ | (m-Dl(ax+b)™"

we get D”{ 1 }: -D"@+n-1)! o
(aX+b) (1_1)!(ax+b)l+n

or D“{ ! }— =D'n! o

(ax+b) | (ax+b)*™"

Find the nth derivative of the following examples
1. (a) log(9x* =1)  (b) Iog[(4x +3)e5x+7] (c) Ioglo\/

Sol: (a) Let y = log(9x* —1) = log{(3x +1)(3x —1)}
y = log(3x +1) + log(3x —1) (* log(AB) =log A+logB)
Ly 2dn an _
“Ya = {log(3x +1)} + ~ {log(3x —1)}
Loy, = EDTO-D! oy (D™ (D!
(3x+1" (3x-1"

(3x+5)°(2-3x)
(x+1)°

3"

(b) Let y = Iog[(4x +3)e> ] = log(4x + 3) + loge>**’
=log(4x+3)+(5x+7)log. e (- log A® =BlogA)

s y=log(4x+3)+(Bx+7) (v log, e=1)

N G I (5 L . _

Y, = X+ 3" @"+0 - D(Bx+6)=5
D*(5x+6) =0

D"(5x+1) =0(n>1)

(3x+5)*(2-3x)
(x+1)°

_ 1 (3x+5)%(2—3x) -+ log,, X = log, X
log, 10 (x+1)° 7 log,10

e

() Let y = Ioglo\/
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2 J—
-1 1Iog (3x+5) (26 3x) > log A® =Blog A
log,10 | 2 (x+1)

Iog(gj =log A—logB

- 2 IO;-e 10 {Iog(3X+5)2 + |Og(2 —3X) — IOg(X +1)6}

{210g(3x +5) + log(2 — 3x) — 6log( x +1)}

Y= Zlog, 10

Hence,

y -1 {2. (DDt g (DODY g g (D™ (D) (Dn}

T 2l0g,10 |7 (3x+5)" (2—3x)" (x+1)

2. (a) e +62 (b) cosh4x + cosh? 4x

(c) e™sinh3xcosh2x (d) ! !

+ +(6x+8)°
(4x+5) (5x+4)*

Sol: (a) Let y=e¥** +6*
— e2xe4 + 62X64
y =e*(e™)+1296(6)

hence y, =e’ ﬂ(ezx) +1296ﬂ(6zx)
dx" dx"

= e*{2"e? |+1296{2" (log 6)" 62" |
(b) Let y =cosh4x +cosh?® 4x

B e4x_|_e—4x . e4x_i_e—4>< 2
2 2

_ %(e4x +e4x)+%{(e4X)2 n (674)()2 n 2(e4><)(e74><)}

1 X —4x 1 X -8x
yzi(e4 +e™? )+Z{e8 +e® +2}

hence, Yo = %[4”e“* + (—4)”e“*]+%[ " +(-8)"e ™ +0]

(c) Let y =e " sinh3xcosh 2x

N eSx_e—Sx e2x_'_e—2x
=€
2 2

e;lx {(e3x _e—3X)(e2x +e—2><)}
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—X

:eT{eSX e 4e _efsx}
— %{eu _e—2x +l_e—6x}

y:%{l_'_ew_er_eGX}

Hence, Y, 411{0+(4)n e (—2)“e‘2x—(—6)”e‘ex}

1 1 s
(d) Let y= (4x+5)+(5x+4)4 + (6x +8)

dn 1 dn 1 dn
Hence, ¥, = ”{(4x+5)}+dx"{(5x+4)} ax" (6x+8F

(-D)"n! -D"(4+n-1)!

= 5"+0
(4x+5)”+1( y'+ (4—1)!(5x+4)4+”( '
. (-1)"n! o D"(B+n)!
e = 4
4 (4x+5)”+1( ) +3!(5x+4)"+4( )
Evaluate
X2
1. (i ii i) —————
® x? —6x+8 i 1—x—x2+x3( ) 2x2 +7X+6
X+ 2 1 4 . _ .. 41+ X
Y v) tan~\X/ ) (vi)tan~' x (vii) tan”t| —=
( )(x+1j 4x% +12x+9 V) (A)( ) (Vi (1— j
. 1 . . 1
Sol: (i) Let y =————. The function can be rewrittenas y = ——————
X~ —6X+8 (x=4)(x-2)

This is proper fraction containing two distinct linear factors in the denominator.
So, it can be split into partial fractions as

y= 1 = A + B Where the constant A and B are found

(x=4)(x-2) (x=4) (x-=-2)

as given below.

1 _ A(x-2)+B(x-4)
x=BH(x-2)  (x=4)(x-2)

 1=A(X—2)+B(x—4) ----------e- *)

Putting x = 2 in (*), we get the value of B as B = —%
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Similarly putting x = 4 in (*), we get the value of Aas A= %

fy= 1 :(1/2)+(—1/2)
(x=4(x-2) x-4 x-2

“roelita) 2eaa)
Yo 2dx"\x—4) 2dx"{x-2

Al e el ey
_2|:(X_4)n+1 (1) :| 2{(X_2)n+l (1) }

Hence

:l(—l)"n!{ t 1 }
2 (X_4)n+l (X— 2)n+1

1 1
I-x—x2+%x° (1-x)-x*(1-x) @1-x)1-x?)
3 1 B 1
C1A-0A-X1+%)  1-Xx)2(1+X)
Though y is a proper fraction, it contains a repeated linear factor (1—Xx)?

(ii) Let y=

ey

in its
denominator. Hence, we write the function as
A B

+ +
(1-x) (1-%)* 1+x

y = in terms of partial fractions. The constants

A B, C
are found as follows:

1 A B C
= = + +
1-x)°@1+x) (@-x) (@1-x)* 1+x

y

ie 1= A0—X)A+X)+B@A+X)+C(@A—X)? --------m---- **)
Puttingx=1in (**),wegetBas B= %

Puttingx =-1in (**),wegetCas C= %

Puttingx =0 in (**),weget 1=A+B+C

A=1—B—C=1—%—%:%
.~.A=%

Hence, y= /4, W2) (/4

1-x) (1-%x)* (@+X)
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oy L ED ™l L ED @ADL (D)t
i _4[(1—x)“+l @ }2{(2—1)!(1—@”n @ }4{(1”)”” @ }

Sl 3 L fere
A—x)"" (@+x)"™ | 2| @-x)n+2

2

X
i) Let y=—5—7— VTU July-05
(i) y 2x2 +7X+6 ( y-09)

This is an improper function. We make it proper fraction by actual division
and later
spilt that into partial fractions
ie x*+(2x* +7x+6) = ( /X =3)
2 2x* —7x+6
1 TX—3 . . L . .
s y==+—>"="——— Resolving this proper fraction into partial fractions,
2 (2x+3)(x+2)
we get i
1 A B . -
y=—+ + . Following the above examples for finding A &
2 | (2x+3) (x+2)
B, we get
M9 —
N A )
_2x+3 X+2
“N"n!
Hence, y, =0+ (=D)"n! ———(2)" (=1) n.l @"
(2 )n+ (X+2)n+
iey =1 %(2)" _ 4 :
2x+3)"  (x+2)"™
(iv) Let y=XF2, X

(x+1)  4x*+12x+9

(i) (i)

Here (i) is improper & (ii) is proper function. So, by actual division (i)

becomes
[XLZ) =1+ [ij Hence, y is given by
X+1 X+1

1 1
=1+ + r (2x+3)? =4x® +12x+9
y (x+lj (2x +3)? L ) |

Resolving the last proper fraction into partial fractions, we get
x A N B
(2x+3)*  (2x+3) (2x+3)?

. Solving we get
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A:% and B:—%
y:1+( 1 j+[ o, % 2}
1+ X (2x+3) (2x+3)
Cu ol ED S 1 (D)t 3] (D) (n+ D) vy
I _0{(1”)“ @ }2{(2“3)““ @) } 2[(2x+3)n+2(2) }
(v) tan’l%)
Let y= tan’l%)

R | 1) a
..Y1—1+(%)2(5j_xz+a2

n n-—. n-; a
yn:Dy:D 1(y1):D 1( 2 2]
X" +a

_ a
+a’  (x+ai)(x—ai)

Consider

X2

- (xfai) T x—ai)
(_%i) (%.)

- — + —, on solving for A & B.
(x+ai) (x—ai)

Dnl( za Zj:Dnl( _%i.j+Dnl( %i j
X" +a X+ al X—al

, on resolving into partial fractions.

_(_1j ()" (n-D! J{ij D" (- (%)
L 2i)  (x+ai)" 2i)  (x—ai)"
We take transformation x =rcos@® a=rsin@where r =y x*>+a’,0= tanl(%j

x+ai = r(cos @ +isin @) =re"’
x—ai = r(cos@—isin9)=re™"
1 1 B ein9 1 B efinﬁ

(x—ai) r'e™ " (x+ai) T

(_ 1)n_l (n - 1)! [eine _pin? ]

now(*)is y, = i
ir

n-1 n-1
y, = (;1—)”(2 isinng)= Lfn_l)!sm ng
ir r
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(vi) Let y=tan"'x .Putting a=1in Ex.(v) we get
y, Which is same as above with r =vx*+1 0= tanfl(%()
@=cot™(x) or x=cotd

or =\/cot249+1=cosec¢9:>in __ 1 =sin" @

r" cosec"d
D"(tan"* x)=(-1)"*(n—1)! sin"@sinn® where 6 =cot*

(vii) Let y = tan-l[“—xj
1-x
put x=tan@ @& =tan"x

y= tan‘{lﬂanﬂ
1-tan@

~tan*[tan(%+0)] - tan[7/, +0)- (“ tan® j

1-tané
:A+9:%+tan*1(x)

y:%+tan’1(x)

y, =0+D"(tan™" x)
_(_1j )" (n-1)! +(i) )" (n-1)!
U2 (x+ai)" 2i)  (x—ai)"

nth derivative of trigonometric functions:

1.sin(ax+b).
Let y =sin(ax+b). Differentiating w.r.t x,

y, =cos(ax+b).a As sin(x +%) =CO0S X

We can write y, = asin(ax+b+z/2).
again differentiating w.r.tx, y, =acos(ax+b+7z/2).a

Again using sin(x+%) =COS X ,we get y, as

y, =asin(fax+b+z/2+x/2).a
i.e. y, =a’sin(ax+b+27/2).

Similarly, we get

y, =a’sin(ax+b+3xz/2).

y, =a’sin(ax+b+4x/2).

y, =a"sin(ax+b+nx/2).
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2. e*sin(bx+c).
Let y =e™sin(ox+c).....(1)
Differentiating using product rule ,we get
y, = e cos(bx + ¢ Jo +sin(bx + ¢ )ae™

ie. vy, =e™[asin(bx+c)+bcos(bx+c)]. For computation of higher order
derivatives

it is convenient to express the constants ‘a’ and ‘b’ in terms of the
constants r and

0 defined by a=rcos@ & b=rsiné,so that

r=+va’+b%and 0= tan‘l(%).thus,

y, can be rewritten as
y, =e™[(r cos 8)sin(bx+c)+(r sin &)cos(bx+c)]
or vy, =e*[r{sin(bx + c)cos & + cos(bx + c)cos G} ]
ie. vy, =re*[sin(bx+c+0)}..... ()
Comparing expressions (1) and (2), we write y, as
y, = r’e®sin(bx + c +26)
y, = r’e®sin(bx+c+30)
Continuing in this way, we get
4 . ax

y, =r‘e™sin(ox +c+40)

Y, = r’e™sin(bx +c +56)

y, =r"e®sin(bx+c+né)

- D"[e* sin(bx + ¢)| = r"e® sin(bx + ¢ + n@), where

r=va’+b?> & Hztan’l(%)

Solve the following:
1. (i) sin®x+cos®x (i) sin®cos®x (iii) cos xcos 2xcos3x
(iv) sinxsin2xsin3x (v) e*cos2x  (vi) e* (sin2 X + cos® x)

The following formulae are useful in solving some of the above problems.

(i) sin? x =# (i) cos? x = %
(iii) sin 3x = 3sin x —4sin® x (iv) cos 3x = 4cos® x —3cos X

(v) 2sin Acos B =sin(A+ B)+sin(A—B)
(vi) 2cos Asin B =sin(A+ B)—sin(A—B)
(vii) 2cos Acos B = cos(A+ B)+cos(A—B)
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(viii) 2sin Asin B = cos(A—B)—cos(A+ B)
1-cos 2xj 1

Sol: (i) Let y:sin2x+cossx:( > +=(cos3x +3cos x)
Sy, = % [O —(2) cos(2x + n%)]+ % [(3)" cos(3x + n%)+ 3COS(X + n%)]

. 3 .3 T .
(ii)Lety =sin® xcos® X = (sm ZXJ _sin 2X _ 1| —sin6x + 3sin 2X
2 8 8 4

= i[35in 2x —sin 6x|
32

Y, _ 1 3.2"sin| 2x+ " | = 6" sin| 6x + -~
32 2 2

(i) )Let y = cos3xCOS X COS 2X
:%(cos 4X + COS 2X)COS 2X = % [cos 4x cos 2x + cos? 2x]

:EF (cos 6x +Cos 2x)+ M}
212
= %0056x+ cos 2x +%(1—cos4x)

2" cos 2x+n—” 4" cos 4x+n—”
1, nz 2 2
-y, =—6"cos| 6X+— |+ -
4 2 4 4

(iv) )Let y = sin 3xsin xsn2x

= %[sin(Zx)—sin 4x]sin 2x
= %[sin2 2X —sin 4xsin 2x]

:E{M —%(sin 2X —sin 6X)}

2 2
= (MJ —l(sin 2X —Sin6x)
4 4

Y, _1 4" cos| 4x + 2 | = 2" sin| 2x+ M | + 6" sin| 6x + -
4 2 2 2

(v) Lety =e* cos 2x
-y, =re*cos(2x +no)

where r=+/32+22 =13 & Q:tan‘l(éj
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(vi) Let y= ezx(sin2 X + cos® x)

]:1—0052x 1

We know that [sin® x + cos® x +Z[c033x+3cos x|

: 1-cos2x | e*
-y = e”[sin® x+cos® x]= ezx{—} -

[cos 3x + 3cos ]
2 4

Ly = %[e2X —e® cos 2x]+%[e2X c0s 3x + 36 cos X
Hence,

nA2x n.2X nA2X

y, = %[Z“ezx —1,"e™ cos(2x + nel)]+%[r2 e cos(3x + N6, )+ 3rle? cos(x+nd, )|

where r, =422 +22 =8 ; 1, =+/22+3% =13 ; r, =22 +12 =45

6, =tan™ 2 ;0, =tan™* 3 ;0, =tan™ 1 ;
2 2 2

Leibnitz’s Theorem

Leibnitz’s theorem is useful in the calculation of n™ derivatives of product of two
functions.

Statement of the theorem:
If uand v are functions of x, then
D" (uv) = D"uv+"C,D"*'uDv+"C,D"*uD?V +...+"C, D" "'uD'v +..uD"v,
n(n—-1) n!

whereD:i,”Clzn,“CZ:—, ........ ,'C, =
dx 2

Examples
1. If x=sint,y=sin pt provethat

(1_ x? )yn+2 - (Zn +1)Xyn+l + (pz - nz)yn =0
Solution: Note that the function y = f (x) is given in the parametric form with a

parameter t.
So, we consider

dy % _ pcospt

dx 9, cost

or (QT _pPoos’pt _ p*(l-sin’pt) _ p*-y?)
dx ) - -

(p — constant)

cos’t 1-sin’t 1-x?

r (1% )yf = p*l-y?)
So that (1— xz)yl2 - pz(l— y2) Differentiating w.r.t. X,
[(1_X2XZY1y2)+ yz(_ 2X)]_ pz(_zyyl)zo
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(1—x2)y2 —Xy, + p’y=0 - (1)  [+2y,, throughout]

Equation (1) has second order derivative y, in it. We differentiate (1), n times,
term wise,

using Leibnitz’s theorem as follows.

Dn[(l_xz)yz —Xy; — pzy]:()

e Dn{(l_xz)yz}_ Dn{xyl}_Dn<sz):0 """"" )
(@) (b) (©)

Consider the term (a):
D" [(1— x? )yz]. Taking u=y,and v = (1-x*) and applying Leibnitz’s theorem
we get
D"[uv]= D"uv+"C,D"'uDv+"C,D"2D?v+"C,D"*uD® +...
ie
D"|y,@-x*)|=D"(y,).(L—x*)+"C,D"*(y,).D(— x*)+"C,D"*(y,)D* (L- X*)+"C,D"*(y,)D* (1— x*) +

n(n-1 nin-1)(n-2
=Yy ~ x?) + NY (n-1y+2 (=2X) + % Yn-2)+2 (=2)+ % Y(n-3)+2 (0) +...
DL~ %2y, |= 0% )y,., —2nxy,, —n(-Dy, e 3)

Consider the term (b):
D" [xyl] Taking u =y, and v =X and applying Leibnitz’s theorem,

we get
D" [y1(x)] =D" (Y1)-(X)+nC1Dn_lyl-D(X)+nC2 D"? (yl)-DZ (x)+....
n(n-1
= y(n)+l'X + ny(n—l)+l + % y(n—2)+2 (0) T
DDy ]=xyps +0y, e (4)
Consider the term (c):
D"(p’y) = p°D"(y) = %y, - (5)

Substituting these values (3), (4) and (5) in Eq (2) we get
LX)y, — 2y, — (M =DY, |~ {0 + 1y, }+ 1Py, f=0
ie (1= x* )y, —(2n+Dxy,,, —n’y, +ny, —ny, + py, =0
(1— xz)yn+2 —(2n+1)xy, ., + (p2 — nz)yn =0 as desired.

2.1f siny = 2log(x+1) or y=sin[2log(x+1)] or y=sin|log(x+1)?]or
y =sinlog(x? + 2x+1), show that(x +1)?y, ., +(2n+1)x+1)y,,, +(n* +4)y, =0

(VTU Jan-03)
Sol: Out of the above four versions, we consider the function as
sin*(y) = 2log(x +1)
Differentiating w.r.t x, we get
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Jf*y( V) - ( +1j ie (x+Dy, =2,/1-y?

Squarlng on both sides
(x+2)°y7 =4@-y*)
Again dlfferentlatlng W.r.t X,
(x+17(2y,Y, )+ y7 (2(x +1)) = 4(=2yy,)
or  (x+1)'y, +(x+Dy, =4y (+2y,)
or  (x+17y, +(x+Dy, +4y=0 -meeeeee- *
Differentiating * w.r.t X, n-times, using Leibnitz’s theorem,

{D a0+ + 10"y )20+ )+ 0D 1)D“(yz)(z)} +{D(g)(x+1)+ D"y, )+ 4Dy =0

On simplification, we get
(x+1)*y,,, +(2n+1)x+1)y,,, + (n2 + 4)yn =0

3. If x=tan(logy), then find the value of
[L+x?)y,., +(@2nx—1)y, +n(n =1y, , (VTU July-04)
Sol: Consider x =tan(log y)

tan™t x

ie. tanx=logy or y=e
Differentiating w.r.t X,

_ Atantx 1 _ Yy
yi=¢ 1+x% 142
(1+ Xz)yl =Yy ie(l+ xz)yl —y=0 - %

We differentiate * n-times using Leibnitz’s theorem,
We get

D[+ |-D =0
ie.

{D”(yl)(1+ x*)+"C,D"*(y,) DL+ x*)+"C,D"?(y,)D*(1 + x2)+....}— {D“y}:o
e {yn+l(1+ x?) +ny, (2X) + n(n2|—1) Y. 1(2) +O+...}— y, =0

L+x2)y,.,, +(@2nx -1y, +n(n -1y, , =0

4. 1f yh 4y =2x, or y:[x+\/x2——1]m or y:[ —\/xz——l]m

Show that (x? —1)y, ., +(2n+1)xy, , +(n*> —=m? )y, =0 (VTU Feb-02)

Sol: Consider y™+y/n=2x = y"+ CPN

y%

= (y}/m)2 - 2x(y}/m )+1: 0 Which is quadratic equation in y’»
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y — (295202 -4W@)  2x+4x* -4
o 2() T2

N | I e
y=(xJ_r\/X2——1)m
S0, We can consider y:[x+\/x2——1]m or yz[ —\/xz——l]m
Let us take y:[x+\/x2——1r

Y= m(x+ VX2 —1)m_1(1+ 2\/% (2x)j

o=l J—l)(\/——lJ

x? -1

or

(\/x2 —1)yl =my . On squaring

(x2 —1)y? =m?y?.

Again differentiating w.r.t x,

(XZ _1)2y1y2 + Y5 (2x) = m? (2yy,)
or

(X2 _l)Y2 +Xy, = mzy (+2y,)
or

(XZ —1)y2+Xy1—m2y:0 ____________ *)

Differentiating (*) n- times using Leibnitz’s theorem and simplifying, we get
(X2 _1)yn+2 + (2n +1)Xyn+l + (n2 - m2 )yn = 0

POLAR CURVES
Angle between Polar Curves:
Introduction:- We are familiar with Cartesian coordinate system for specifying a point
in the xy — plane. Another useful system for similar purpose is Polar coordinate system,
and the curves specified by these coordinates are referred to as polar curves.

e A polar curve by name “three-leaved rose” is displayed below:
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Any point P can be located on a plane with co-ordinates (r,@)
called polar co-ordinates of P where r = radius vector OP,(with pole ‘O’)
= projection of OP on the
initial axis OA.(See Fig.)
o Theequation r = f (@) is known as a polar curve.
e Polar coordinates (r,8) can be related with Cartesian coordinates (x, y) through
the relations
Fig.1. Polar coordinate system
X=rcosfd &y=rsing.

Theorem 1: Angle between the radius vector and the tangent:

Y T
: : . déo T
i.e., With usual notation prove that tan¢ = rd—
r ¢
I, 0)
e Proof:- Let “¢” be the angle between the radius vector OPL w
and the tangent TPT" at the point "P" on the polar r .
curver = f(8). (See fig.2) _ o T
From Fig.2, Fig.2. Angle between rauiuds
w=0+¢ vector and the tangent
tan v = tan(@ + ¢) = w
1-tanftang

dy _ tanf+tang
“dx 1-tan@tang
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On the other hand, we have x =rcosé; y =rsin@ differentiating these,
w.r.té,

o r(—sin @)+ cos 6’(£) g W r(cos @) +sin e(ﬂj
do do do do

: dr
dy r(cos @)+ sin 9()
dy _ 4‘9: do dividing the Nr&Drbyﬁcosﬁ
dx dXx . r
do r(-sind)+cosé 10

d_y_ r(d%r)ﬂane
dx —(rdg/dr)tang+1

ﬂ_ tan¢9+(rd%r)

1 dée
dx 1 tan¢9(r Ar)
Comparing equations (1) and (2)

we get tang= rd‘%r

e Note that cotg = (lﬂj
r

i.e.

deé
e A Note on Angle of intersection of two polar curves:-
If ¢, and ¢, are the angles between the common radius vector and the tangents
atthe point of intersection of two curves  r = f,(9) and r = f,(8) then the
angle intersection of the curves is given by |¢51 - ¢2|

Theorem 2: The length “p” of perpendicular from pole to the tangent in a polar curve
o . .1 1 1(dr),
i.e.(i) p=rsin or (i) —====—|—
) p ¢ (ii) o7 p r4(d9j
Proof:- In the Fig.3, note that ON = p, the length of the perpendicular from the pole to
the tangent at p on r = f(&).from the right angled triangle OPN,

sing = % = ON = (OP)sin ¢

i.e. p=rsing........ 0]
Consider 1 = l =lcosec¢
p rsing r
é = rizcos ec’g = riz(l+ cot 2¢)
2
— = rizl:l-i- Gg—gj } Fig.3 Length of the perpendicular

from the pole to the tangent
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“p?2 r? r*\de
2
Note:-If u = 1 we get — = u? +(d_uj
r déo

In this session, we solve few problems on angle of intersection of polar curves and pedal

equations.
Examples:-

Find the acute angle between the following polar curves

1. r=a(l+cosd)and r =b(l-cos @)

2 r=(sin@+cosP) and r=2sing
3. r= 16secz(%) and r = 25cos ecz(%)

4. r=alog® and rz%gg

r=2% andr-=

1+ 6 1+ 6*

Sol:

1. Consider
r = a(l+ cos 6)
Diff w.rt 6

ﬂ =-asind

Lo _ a(l+cos 6)
dr —asind

20052(%)
Zsin(%)cos(%)
= —cot¥
ie tang = tan(% + %): ¢ = (% + %)

Angle between the curves

h-¢l =[5+ %)%=

tang, =—

(VTU-July-2003)

(VTU-July-2004)

(VTU-July-2005)

Consider
r =b(l—cos )
Diff w.rt 6

i =bsing
do

4o _ b(1-cos8)
bsing

dr
ang, - Zsinz(%)
: Zsin(%)cos(%)
=tan9/

tan(é1=tan6%:>¢il = ¢,

Hence, the given curves intersect orthogonally.

2. Consider
r =(sin @+ cos 0)
Diff w.r.t @

Consider
r=2siné
Diff w.rt @
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i=cosé?—sin6?

d@ _sind +cos o

dr cosé@—sin@

tanf+1 (= Nr & Drcos @)
1-tané@

tang, =

= ¢ ="y +0

15MAT11

ﬂ=2cos<9

do _ 2sind
dr 2cosé@

tang, =tan g

=>¢ =0

. Angle between the curves = |4 — ¢,| = ‘(% + 0)— 49‘ = %

3. Consider
r= 165ecz(%)

Diff w.rt @

3_; = 32sec? (%)tan(%) !
=16 sec(%)tan(%)

i o _ 165ecz(%)
dr 16 secz(%)tan(%)
tan ¢, = cot 9/ = tan(% - %)

=4-%-%)

Angle of intersection of the curves =

4. Consider
r=alogé

Diff w.rt 6
dr a

do /0
rz—f:aloge(%)

tang, =0logé.......... 1)
We know that

DEPT OF MATHS, SJBIT

Consider
r = 25c0s ecz(%)

Diff w.rt 0

3_; =-50cos ecz(%)COt(%) %
= —25cosec’ (%)C‘)t(%)

(4o _ 25¢0s ecz(%)
dr —25cos ecz(%)cot(%)
tang, = —tan ‘7 = tan(— %)

=0, :_%
4 -4l = |5 -9)-(0)

Consider

"= Hogo

Diff w.r.t
=—a/(log 8)° %,
do

dr _(%og 6’)(%}

tang, =—@loga.......... (i)

dr
dg

r
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tan g, —tan g,
1+tang, tang,

tan(¢, — ¢, )=

_ Ologd—(-0log o)
1+(9log 8)(-Olog 0)

. 201log @
i.e tan(¢, — ¢,) = ﬁ

From the data: alogé=r= %og p=(logd)’ =1 orlog6=+1
As 0 is acute, we take by =1=6=e |NOTE|
Substituting @ =e in (iii), we get
2eloge ( 2e j
tan(g, — ¢, )= = logt =1
(¢1 ¢2) 1_(e IOg e)2 1—92 ( ge )

|¢1 _¢2| - tanl(l_zzz )

5. Consider Consider
ad ad
r=—— as r=——s
1+6 1+9
1 1+6? 1
CT (}/6’ 1+9 /
Diff w. rt 0 Diff w.rt 6
_ldr ( ) dr
20=—2
“r’de a %92 % do
ldr _r —2rg _1ldr
rdé a6? a rdo
d¢9 af? . d& -a
ier—=—
dr r dr 2ré
ao?® a (1+6?
tang = ——— tang, =——( ]
ad
/(1+9) 20\ a
~tang, =01+ 0) tang, =—2—10(1+¢92)
Now, we have
ad a
—=r= =abll+6%)=all+6
1+6 1+ 62 ( ) 1+0)

or 0+60°=1+0=6°=1or 0=1
~tang =2 & tang, =(-1)
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)|_| tang, —tang, |

1+ (tang, Ntang, )|
2-(-1) |_
STCEI R
~ |t~ | =tan™(3)

Consider tan|(¢, -

Pedal equations (p-r equations):- Any equation containing only p & r is
known as pedal equation of a polar curve.

Working rules to find pedal equations:-

(i) Eliminate r and ¢ from the Eqs.: (i) r= f(6) & p=rsing
1 1 dr )’

(i) Eliminate only @ from the Egs.: (i) r = f(0) & .. — :—2+i4(@j
p> r

e Find the pedal equations for the polar curves:-

1. 2—azl—cose
r
2. r=e
3. r"=a"sinmé+b™ cosme (VTU-Jan-2005)
4. % =1+ecosé
Sol:

1. Consider 2 =1-cosd.......... (1)
r

Diff. w.rt

= ar
Za( }/z)d—g—smﬁ

1 dr —rsind

rd@ 2a
rd_H_ 2a 1

& cota

dr r sing
1-cosf) 23"‘26/ —tan(6/)

(
tang = — =
/ sin@ Zsm 6/cosiy

tang = tan(—%): ¢ = —%

Using the value of ¢is p = rsing, we get
p= rsin(— 92)= —rsin% ............. (ii)

Eliminating “ 8 between (i) and (ii)
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. 1-cos@) r?(2a
2 = r?sin?0, :rz[ j— (
p ) >

> Tj [See eg: - (i)]
p’ =ar.

This egn. is only in terms of p and r and hence it is the pedal equation of the polar
curve.

2. Consider r =’
Diff. w.rt
3—; = e’®“(cotar) = rcoter [ r=e’®)

We use the equation

r- r r
1 2
— = —ZCOSGC o
p r
2 _ r2 2 _ 2 2 - - -
= or r° = p-cosec‘a isthe required pedal equation
P %osecza P g P g

3.Consider r'" =a™sinmé& +b™ cosmé@
Diff. w.rt 6

ma AP

et = a"(mcosm@)+b"(—-msinme)

m

r

———=a"cosmé&—-b"sinme
r do

1 dr a™"cosmé& —b"sinmé@
rdé a”"sinmé@+b"cosma@

ot d = a" cosm@—b" sinm@
a"sinm@+b™ cosméo

Consider p = rsingzrﬁ,i = Ecosec¢
p r

1 2
5 = Fcosec @

L

=3 (L+cot? )
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i[lJ{amcosmebmsinmejZ]

r? a"sinmé@+b" cosmég

1 (amsinméhrb”‘cosmé’)z+(a'“cosmc9—bmsinm¢9)2
re (amsinm¢9+bmcosm9)2

i_i|:a2m+b2m:|
2

2 = I,.2m
I,.2(m-¢—1)
2 H i - i
= p° = PO is the required p-r equation

p r

4. Consider % = (1+cos)
Diffw.rt 6

I[—r—lzg—;j =—esind = %(%j—;j =esing
%(cot(/ﬁ): esiné
s cotg = (%)esine

We have iz = 12(1+ cot? ¢) (see eg: 3 above)
p> r

1 1(1°+€*r*sin’@
NOW F:F |—2
= izﬁ+ ezr%z sin’ 0)
r
1+ecosf@= /=  ecosf=-—
4 :
— l—r

2
cosez(—rj: sin@=1-co0s’ 0 = = 1—[—)
re re

. .
12 +e?r? 1_(I—rj
1 1 re

2 |2

2 —
On simplification iz = (e_zlj + 2
p e Ir
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DERIVATIVES OF ARC LENGTH:

Consider a curve C in the XY plane. Let A be a fixed point on it. Let P and Q be
two neighboring positions of a variable point on the curve C. If ‘s’ is the distance of P
from A measured along the curve then ‘s’ is called the arc length of P. Let the tangent to
C at P make an angle y with X-axis. Then (s,y) are called the intrinsic co-ordinates of
the point P. Let the arc length AQ be s + 3s. Then the distance between P and Q

measured along the curve C is 8s. If the actual distance between P and Q is 6C. Then

8s=8C in the limit Q — P along C.

y

A

Cartesian Form:
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Lety=f(x) be the Cartesian equation of the <curve C and let
P(x,y) and Q(x+ 06X,y +0Yy) be any two neighboring points on it as in fig.
Let the arc length PQ =6s and the chord length PQ =6C . Using distance between two

points formula we have PQZ: (§C)2:(§x)2+(5y)2

2 2 2
(ﬁj :1+(QJ or x = l+(ﬁj
X X X X

5s s 5C_ s | (SyY
=>— 1+ —
oX 5C Sx  o6C OX

We note that 5x — 0 as Q — P along C, also that when Q — P, 98 =1

oC
. When Q — P i.e. when 6x — 0, from (1) we get

2
as = 1’l+[ﬂj —> @)
dx dx

Similarly we may also write

&_& L _ &1(&]2
&y X & &£ %

and hence when Q — P this leads to

’ 2
g =, |1+ [%j —(2)
dy dy

Parametric Form: Suppose x =Xx(t) and y = y(t) is the parametric form of the curve C.

dy
/t 1 dx )’ dy ?
1+ _d dt + E
Xt
2 2
dt dx dt dt dt

Note: Since v is the angle between the tangent at P and the X-axis,

Then from (1)

ds _
dx
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we have % =tany

X
= % = «,1+(y’)2 = \f1+tan2 W = secy

Similarly

g—;:\/1+ﬁ:\/1+ 12 :«/1+cot2w:cosecw
yl

tan” w

. dx ) dy

(3‘}[% =1 (ds)? = (o)° +(dy)’

We can use the following figure to observe the above geometrical connections

among dx, dy, ds and .

ds

dx
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Polar Curves:

Suppose r = f(0) is the polar equation of the curve C and P(r,8) and Q(r +Jr, 0+ 56)

be two neighboring points on it as in figure:

Q(r+or,0+00)

O X
Consider PN L 0Q.
PN _ PN
In the right-angled triangle OPN, We have sin 66 = oP- T = PN =rsin 80 =ro0
r
since Sino@=660 when 56 is very small.
From the figure we see that, cos 66 = g’: ON =ON=rcosof=r(l)=r
r

" C0sof =1when 66 —0
S NQ=0Q—-ON =(r+or)—r=or
From LIPNQ, PQ? = PN? + NQ? i, (5C) = (r50)° +(r)

., [ or )2 38 _58.6C _5S 5r
00 50 5C 50 ~sC 549
We note that when Q — P along the curve, 66 — 0 also E =1

ds dr Y
~whenQ > P,—=[r’+| — | > (4
Q-r o= +{G) ~

2
similarly, (5C)? = (r60)’ +(5r)° = °C = 1+r2(ﬁj
or or
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2
and — o3 5SD5—C ) 1+r2(&)

5r oC or 5C or

.'.whenQ—>P,wegetd—S— 1+ rz(dej —(5)
dr dr

Note:

We know that tan ¢ = r?j—g
r

ds , (dr
So——= "+ r-+r CO'[ =r./l1+cot =rcosec
- [dgj =r? *p =r\1+cot’p = y

Similarly
2
% = [1+r? (3—?} = J1+tan’ = sec

ar =cos¢ and d6 = 1 sing
ds ds r

The following figure shows the geometrical connections among ds, dr, d6 and ¢

ds r do
o
dr
Thus we have :
dy dx dx (dy jz
dx dy dt dt
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2 ( dr jz
r‘+ —
deo
Example 1: — and — for the curve x** + y**
dx dy

2/3

X
y

2 2/3

Hence O _ 1+[QJ = 1+yT/3
dx X X
Xz/s +y2/3 a2/3 a 3

= \/ VR = \/les = [;j
Similarly

Example 2: Findﬁ for the curvey:alog[ f 2]
dx a“-x

dy 2X 2ax
—aloga’—alog(a’-x*)=>—2=-a =
y=alog o ) - (az_xzj PO

dy 4a*x®

dx ( X’)
\/(az—x2)+4a2x2 _ i

- 2

(a®-x)
_at+x
a’—x°

Example 3: If x = ae'sint,y = ae'cost, find %

. dx .
X = ae'sint = — = ae'sint +ae'cost
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y = aetcost:%z ae'cost —ae'sint

.-.ﬁz\/(dtj [ ) \jaz a cost+sint) +a2e2t(cost—sint)2

:aet\/z(coszt+sin2t) =a\2 ¢ ~+(a+b)’ +(a-b)’ =2(a2+b2)

Example 4: If x = a{cost + log tan t} y=asint, find %

dx . sec’ t .
E:a —-Ssint+—~%= |(=a| -sint+

2tan/

Zsin—cos1
2 2

1-sin’t 2

_sint+— a( _ )zaC_OStzacost-cott
sint sint sint

dy

dt

=acost

S GRE]
ot dt dt

= N/azcoszt cot’t + a’cos’t

= \jazcoszt (cotzt +1)

— JaZcos?t -cosec? t = +/a’cot’t
—acott

Example 5: If x = acos’t, y = sin’t, find ?

dx . d .
e —3acos’sint, _)t/ =3asin’t cost

2 2
E: (%j +(ﬂ) =\/9a2cos4t sin’t +9a’sin’t cos’t
dt dt dt

= \/9a2coszt sin’t (coszt + sinzt) =3asintcost
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Example 6: If r> =a® cos 26, Show that r 3—2 is constant

_ 2
r? =a’cos20 = 2r dr =-2a’sin20 = ar =72 sin20
d do r

2 4
2 +(£J = [+ & sin20 =L v atsini20
r r

deo

g r% = Jr* +a%in?20 = /a'cos?26 +a’sin? 20

— a2+Jcos?0 +sin?20 =a? =constant .. rj—z is constant for r? = a?cos26
_ A k?—r? ds.
Example 7: For the curve 8 = cos ) : Showthatrd—ls constant.
r r
=2r
' [ S N TERFEY ()
1 1 £2 kz_er 1 vk
k r? K2 _r2 r2Jk? — 2
_F
- ke K-
\/ —r? rZ\/kZ—r2 r2Jk2 —r? r
. 1+r2(d—6’
p
l+r2(k2_r2) rreki-rt _k
»
Hence rd——k(constant)
r

2

Example 8: For a polar curver =f (&) show that E:;,Ezr—

r rz_p2 do p

We know that cos¢_ﬂ and d_9=15m¢
ds ds r

2 2 2
.'.%:cow:«/l—sin% =\/1—|O—2 =\/r—p " p=rsing
S r r
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Jds o
Tdr (2 —p?
ds r ror
AISO @ZWZV:F
.
CURVATURE:

Consider a curve C in XY-plane and let P, Q be any two neighboring points on it.
Let arc AP=s and arc PQ=4s. Let the tangents drawn to the curve at P, Q respectively
make angles y and y+3y with X-axis i.e., the angle between the tangents at P and Q is
dy. While moving from P to Q through a distance‘ds’, the tangent has turned through the
angle ‘Oy’. This is called the bending of the arc PQ. Geometrically, a change in vy

represents the bending of the curve C and the ratio i—l// represents the ratio of bending of
S

C between the point P & Q and the arc length between them.

Lt

..Rate of bending of Curve at P is
QP OS

dy
S

This rate of bending is called the curvature of the curve C at the point P and is denoted by

k (kappa). Thus « =dd—wWe note that the curvature of a straight line is zero since there
S

exist no bending i.e. k=0, and that the curvature of a circle is a constant and it is not equal
to zero since a circle bends uniformly at every point on it
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If & #0, then 1 is called the radius of curvature and is denoted by o (rho - Greek letter).
K

o=t O
P < dy

Radius of curvature in Cartesian form :

Suppose y = f(x) is the Cartesian equation of the curve considered in figure.

A I
14
o/ "X
dy d’y ,  dy , \dy ds
we have y' =—=tany = y"'=—=sec’ y-—— =(1l+tany ) — —
T VY T Y x ( ) ds dx
2
But we know that E: 1+(d_j
dx X

dy %
2 2 2 1+(dj
LAy 1+(ﬂj Ay 1+(ﬂj O L\
B ds dx dy dzy
dx?

dy y

This is the expression for radius of curvature in Cartesian form.
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B

Example 9: Find the radius of curvature of the curve x>+y* = 2a° at the point (a, a).

NOTE: We note that when y’=co, we find p using the formula p =

2

X +y’=2a° =3¢ +3y>.y' =0 =y =—> henceat(a,a), y'=-1
y

,,__[yZ(ZX)—

Y=

y4 4 a

2 3 3
X (2y)y} henceat(a,a), y" = {—Za ;rZa }:—ﬂ

2% (1) %
..p:[1+(y”)} =[1 ( } ie. |,0|=%'2\/§

a
y -4 2

Example 10: Find the radius of curvature for &+\j§: Ja at the point where it meets

the line y=x.

Ontheliney = X, ﬁ+ﬁ:ﬁ i.eZ&:\/a_ or X=

a
4

i.e., We need to find p at (%%)

x+f \F: f fy 0|ey——\/y henceat(4 ZJ,Y'Z—l

RV v
N AP R
X

Also,y"=—

_al a 1

.~.at(a§j | A il S n_a
a a
4

a a
4 4
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| i [1+(—1)2]%
ap=t— 24 7 :%2f=%

Example 11: Show that the radius of curvature for the curve y = 4 Sin x - Sin 2x

_ ic 55
atx—%ls \FA

y = 4sinx-sin 2Xx = y'=4c0s X—2 Cos 2X

. when X :% ,y’=4cos%—20057z=0—2(—1)=2

Also, y" =-4 sin X +4 sin 2x and when x :% ,Y'=-4sin %+4sin r=-4

5.5

4

[ ez
Lop= v = )

=lp|=
Example 12: Find the radius of curvature for xy* =a® - x* at (a, 0).
xy’=a’—x*= y*+2xy y'=-3x°

2 2
Ly = =Xy and at (a,0), y'=w
2xy

In such cases we write d_x:% and at(a, 0),d—X:0
dy -3x"-y dy
dx dx
I +Y?)| 2—=y+2X |—2xy| 6X——+2
dx = —2xy d?x ( y )( dyy j y( dy yj
dy 3x“+y dy (3X2+y2)
2 3a*+0)(0+2a)-0| _pa® -
. At(a,0), X _ (32" O : )01 ba’_ 2
dy (322 +0) 9a°  3a
3
(8] L
dy [1+02]A r 3a
Sp= 2 = ) or Pl=—F
d xdyz Aa 2
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An expression for the radius of curvature in the case of a
parametric curve x = x(t), y = y(t)

i 132
o - LGP +@7]
Xy-yx

1. Find the radius of curvature of the curve

x = alog(sect+ tant), y =asect

= x = alog(sect+ tant)

dx ,, asect(seet+tant)
—=————secttant+sect =
dt sect+tant (seet+ tant)
dx
s.—=asect
dt
Also y =asect gives
dy =asecttant
dt
t ttant
|\lo\lv’yl:ﬂ_dyd__asec a

dx dtdx  asect
y, =tant

Differentiating w.rt x we get

(l+ ylz)%
Y>

a(1+tan2t)%
sect

p=asec’t

we have p=

p:
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o Show that the radius of curvature at any point © on the cycloid x = a (6 + sin0 ),
y=a(l-cosB) is 4:1603(3!’2}

o

e x=a(B+sinb) ;y=a(l-cos8)
dx
E:n[1+cosl]] - g]é:ﬂsinﬁ
ylzﬂ:ﬂr dx __ asing _ 2sin(6/2)cos (0/2)
dx d 460  a(1+cosh) 2 cos? (8/2)
Differentiating w.r.t. x we get,
1 do
y, = se? (8/2) 5" 7y
1 1 __secd (8/2)
:'SECZ{HH]FZ a(l+cos®)  4gcos®(0/2)
yzzﬁ 4 (0/2)
(1+2)72
Wehave p = ——
Y2
sec? (6/2)
_ [se?(0/2)7 4a _ dasec (0/2)
T sed(02) sec* (0/2)

Thus p = 4acos(06/2)
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An expression for the radius of curvature in the case of a polar
curve r = f(0)

Let OP = r be the radius vector and ¢ be the
angle made by the radius vector with the tangent
at P(r,0).

Let y be the angle made by the tangent at P with
the initial line.
Let A be a fixed point on the curve and let

v

'
AP = 5.
Wehave y = 0+¢
dy db dp d8 dd 48 . 1 46 dp |
- =4 = —4—— e m— —
ds “dstds " as T ds s[]+dﬂ]
ds
do
or p=—" (1)
142
do
dn dr
We kno =F == —
e know that tan¢ = " r/[dﬂj
e, tang=-" where 7, = &
r 1 48
Differentiating w.r.t 8 we get,
dhy TN dzr
2o 171770 s
se q:dﬂ r% where r, w

dqs_’i"”’z: ":1!"”2
do riseczd: r%(1+tan2¢]

2 2
dﬂl_ 1'1 :I"l"z _?’1—?'1"2

4 " 2114(r2 )] rler?

2.,

DEPT OF MATHS, SJBIT Page 44



ENGINEERING MATHEMATICS-I 15MAT11

1+d;¢— 1+rf-rr2:r2+r$+r%—rr2
a6 rP+ry r2+r%
2 2
re+2ry =rr
e 1ad0 THEIoTE o
48 ré+r]
ds dr
Alsn,weknuwthatﬁ = r2+[d—;] -—4"~~|r!+r.lE ...(3)
Using (2) and (3) in (1) we get
{r2+r2}
p=VrTer] 5
ro+2ri-rr,
{r2+r3)m
Thus in the polar form , |p = 55—
po r'2+2:v'§~r:'-2

An expression for the radius of curvature in the case of a pedal
curve

Let OP = r be the radius vector and ¢ be the
angle made by the radius vector with the tangent
at P.Let y be the angle made by the tangent at
P with the initial line. Draw ON =p, a
perpendicular from the pole to the tangent.

v

P
We have from the A ONP, sing =

I
ie., p = rsing - -

(1)

Differentiating (1) w.r.t r we get,

%E: rcos %1—1-5111111
But we know that, sin¢ = r% and cos ¢ :%

dp  dbdr d6 _ |dp do| d
e g e =)
But p+0 =y

dp _ dy b dr
dr_ ds d'qf rdp
dr
Thus |p = r—~
dp
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1 Show that the radius of curvature of the curve 1" = ¢"' cos n © varies inversely as '~ !

>> r"=4a"cosn®
=  nlogr =nloga+log(cosn®)
Differentiating w.r.t. 6 we have,

dr —-nsinn@

L a1 L T
rdo cosn 0 rdo o
" =-—rtannB
Hence r2=%=—r1tann6—nrseczne
(PR
Wehave p = ——s5——
22211,
(247 tan? ng 2

€= r2+212m2n0—r(—r1tann6-nrsec2n0)

= ()2 (sed n0)*”?
r2+2r2tanzn()—r‘2te:'mzneﬂtr2 sec’ 10

-~

r sec>n@
r2(1+tan2n9+nsec2ue)

rsecn0 _rsecnf
sec2n9(1+n) (1+n)

r

Thus ¢ = secn 6

1+n

But  4"/Y" = secn® bydata.

ie., p = const - ——
o

Thus pes lff"_.l
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Find the radius of curvature of the curve r = asinn® at the pole.
B r=asinn@
T, = ancos no, Ty = —nﬂzsinn a8

Atthepolewehave 8 =0. When B=0: r =,

(A +7 P2
We have p = :IT:'ZF_H_

2

[ﬂ H ]3";2 & _an
21?2 2 Zazﬂz 2

Thus p= an/2 atthe pole.

NP
3 F ind the radins of curoature of the curve § = —1-—'12 ~ cos ~{asr ) atany
point on it.

>> Differentiating, the given equation wrt.r wehave,

de l 2r 2 -1 =h
dar " 2Nr? - o? Vi-(asr) r?

~ r r a
aNr Iy \(rz-a2 r?
1 (1_5)_ r? - &
r2—a2 a r r2~a at
. dG r -
ie., T srakh)
r ar

We prefer to find the pedal equation of the given curve and then apply the formula for
p in the pedal form.

From {1} _g__\lr_.__ Ie., l:otﬂ;-z—'\J,Tn“—__l
r = r-—a

Consider p = rsing
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1 1
= —=-2-:05ec2¢ iz.,l=—1£(1+¢ot2¢)
p2 r pz r
1 1- .|:i:2
Sl | el
p2 rz_ r:!_ﬂ?.]
: 55 1 [ r2 _ 1%;-__'_-—;... .
Ie., e I =l
Pz r2| r2-g2 P ri-g

= p=Vré- 2 is the pedal equation of the curve.
Differentiating w.r.t. p we get,

lz.i_'ff_r ie rz—a:~r££—--
aNr2-g2 dp dp = P
Thus p = Nri-@
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MODULE |1
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Tavlor’s Mean Value Theorem:

(Generalized Mean Value Theorem):

(English Mathematician Brook Taylor 1685-1731)

Statement:

Suppose a function f(x) satisfies the following two conditions:

(i) f(x) and it’s first (n-1) derivatives are continuous in a closed interval ~ [a,b]

(ii) f ("D (x) is differentiable in the open interval (a,b)

Then there exists at least one point c in the open interval (a,b) such that

_ R (T PO ((Eor:) L
f(b)y="f(a)+(b a)f(a)+—|_2 f(a)+—|§ f"(a)+

..... +Qﬁ%_m3@(méf@©em
Takingb=a+h and for 0< @8 <1, the above expression (1) can be rewritten as
h2 h3 A1 g 0
f(a+h)=f(a)+hf'@@)+— f"@)+— f"(@)+...+ —— f(n )(a)+ " )(a+6h) - (2)
2 3 In-1 [n

Taking b=x in (1) we may write

f"D@+R, > @)

— _ ' (X_a)2 " (X_a)3 m (X_a)n_l
f(x)=f(a)+(x-a)f'(a)+ 2 f"(a)+ 3 f(a)+...+E

_ n

Where R, = % £(M) (c) > Remainder term after nterms
n
When n — oo, we can show that |R,| — 0, thus we can write the Taylor’s series as
n—1
F(0) = f(a)+(x—a) () + =3 2 )’ f”(a)+...+% f(" D) +....
0 n
AT A (O TN
n=1 |ﬂ

Using (4) we can write a Taylor’s series expansion for the given function f(x) in powers

of (x-a) or about the point ‘a’
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Maclaurin’s series:
(Scottish Mathematician Colin Maclaurin’s 1698-1746)

When a=0, expression (4) reduces to a Maclaurin’s expansion given by
2
F(X) = f(0)+XF'(0) + 2 F7(0) 4.t f -1 0) +..
2 [n-1

0

:f(O)+ZXEf(”)(O)—>(5)

n=1

Example 1: Obtain a Taylor’s expansion for f(Xx)=sin x in the ascending powers of

(x —%J up to the fourth degree term.

The Taylor’s expansion for f(x) about % is

(x—z) ” (‘2)3 e x-%)“ @,
f(x)_f( )+(x——)f() 2 f"(= )+ B f(z)+Tf (Z)""_)(l)

] ] 1 T T 1
f(X)=sinx=> f z :smzz—; f'(x) =cos x f'(—j:cos—:—
(0=sinx= (%) (9=c0s x> /(% | zo0s %= 1.

f7(x) =—sin x = f”(sz—sinfz—i
4 4 2

f"(x)=—cos x= f”’(fJ = —cos ™ __L
4 4

fx)=sinx= f® (%j_sinﬁzi
Substituting these in (1) we obtain the required Taylor’s series in the form

(x-2)2 (x-25)3 (x— 54
f(x):%“X_%)(%”TL”_%”TL”_%)+T4(%)""

(=50 =P x=7)
f(x)= \/_1+(x— )— 2 + 3 - ¥ +...
Example 2

................................ : Obtain a Taylor’s expansion for f(x)=1loge X up
to the term containing (x—l) and hence find loge(1.1).
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The Taylor’s series for f(x) about the point 1 is

= P P T G N G MTC)
100= FO+ 0D+ 1@+ P+ P 190 .

Here f(x)=loge x= f(1)=1logl=0; f’(x)=1:>f’(1)=1
X
n 1 14 " 2 n
f (x):——2:>f @»=-1;, f (x):—3:>f =2
X X

£ () =_£4 — f®0)=-6 e,
X

Using all these values in (1) we get

PO € e P .o AP € S AP
f(x)=loge x=0+(x-D(@) + 2 D+ 3 (2) + ¥ (-9)....

x-0* (x=1° (x-1°

=log, x=(x-1) -
Oe ( ) > 3 4

Taking x=1.1 in the above expansion we get

(0.1)% . ©01° (o

=loge(1.1) =(0.1) - 5 3

....=0.0953

Example 18: Using Taylor’s theorem Show that
2 3
loge (1+X) < x—%+% for0<0<1x>0

Taking n=3 in the statement of Taylor’s theorem, we can write
2 3

' X " X m
flasx =@+ @+ '@+ 7@+ >
Consider f(x)=logex = f’(x)zl; f”(x):_i2 and f"'(x)zi3
X X X

Using these in (1), we can write,

1) 3 1) 3 2
IOg(a+X)=IOga+X(gj+E(—a—2j+E[mJ—)(2)

Fora=1in (2) we write,

2 .3 2 .3
log(L+ X) = logL+ X — —+ 1 _x,x_ 1 5
2 3 (1+6x)

2 3 @rox®
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Since x>0and >0, (1+ ¢9x)3 >1and therefore <1

@+ 6?x)3

2X3

X
o logl+Xx) < X——+—
gl +x) >3

Example 19: Obtain a Maclaurin’s series for f (x)=sin x up to the term containing X°.

The Maclaurin’s series for f(X) is

2 3
f(x)=f(0)+x f (0)+tf ")+ 3 f7(0) + 2 ¥ f(4)(0)+ 5 f(5)(0) ()

Here f(x)=sinx= f(0)=sin0=0 f'(x)=cos x= f'(0)=cos0=1
f'"(X)=—sinx= f"(0)=-sin0=0 f"(xX)=-—cos x= f"(0)=—cos0=-1
f(4)(x):sin X = f(4)(0)=sin0:0 f(5)(x)=cos X = f(5)(0):cosO=1

Substituting these values in (1), we get the Maclaurin’s series for f (x) =sin x as
2 3 4 5

. X X X X
f(X)=S|n X:0+X (l)+E(0)+E(—1)+E(O)+E(l)
X3 X5
=Ssin X = X—E E

Indeterminate Forms:

While evaluating certain limits, we come across expressions of the form
0 0

0 o0
called Indeterminate Forms.

, 0x o0, c0—o0, 0%, o’and 1” which do not represent any value. Such expressions are

We can evaluate such limits that lead to indeterminate forms by using L’Hospital’s Rule
(French Mathematician 1661-1704).

L’Hospital’s Rule:
If f(x) and g(x) are two functions such that

Q) I|mf(x) Oand limg(x)=0

X—a
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(i) f'(x) andg’(x) exist and g'(a) =0

Then lim

F0 _ i £
=2 g(X) xsa g'(X)

The above rule can be extended, i.e, if

fl

()=0and g'(@)=0then fim- —jim L) _ jjpy FOI_
x>a §(X) *2g'(X)  x-a 9"(X)

Note:

1.

4.
lim

x—0

We apply L’Hospital’s Rule only to evaluate the limits that in %,f forms. Here we
(e 0]

f!(x) and apply the
X)

differentiate the numerator and denominator separately to write

limit to see whether it is a finite value. If it is still in %or i form we continue to

e 0]
differentiate the numerator and denominator and write further f”(X; and apply the

limit to see whether it is a finite value. We can continue the above procedure till we
get a definite value of the limit.

To evaluate the indeterminate forms of the form Ox oo, c0o—00, we rewrite the functions

involved or take L.C.M. to arrange the expression in either %or  and then apply
o0

L’Hospital’s Rule.
To evaluate the limits of the form 0°, «o® and 1” i.e, where function to the power of
function exists, call such an expression as some constant, then take logarithm on both

. . . 0 .
sides and rewrite the expressions to get 9 or £ form and then apply the L’Hospital’s
o0
Rule.

We can use the values of the standard limits like

sin X . tanx . X . X .
—— =1 lim——=% lim——=1lim——=1 limcos x =1; etc
X x—0 X x=0 §|N X x=0 tan X x—0
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Evaluate the following limits:

. Sinx—x
Example 1: Evaluate lim 3
x>0 tan” X

. sinx=x(0) .. cosx—1 (0) .. —sinx (0
lim 5 — |=lim > — = [=lim Z 5 — =
x>0 tan®x \0) x»03tan“xsec”x\ 0/ x»06tanxsec” x+6tan” x sec xko

—CO0S X 1
=lim 6 2 4 2 4 4 AV
x>0 6sec’ X+ 24tan” x sec” x+18tan” xsec” x+12 tan” x sec” x 6
Method 2:
sinX—X
. sinx—x(0 . X3 0 . sinx—x( 0 tan x
lim——m—| — |=1im 1 = [=lim——— = m—-— =1
x>0  tan® X 0 x=0 " tan X 0 x—0 X 0 X
X
. COSX 1(9)_ —sinx[gj_ —COS X
x>0 3x2 0/ x>0 Bx \0) x>0 6
. a’"=-Db"
Example 2: Evaluate Ilng
X—>! X
. ax—bxto]
lim —
x—0 X 0
:"ma loga—b”logb
x—0
=Ioga—logbzlog%
Example 3: Evaluate lim xsmxz
xao(ex_l)
X sin x (Oj . sinx+xcosx(0j . COSX+COSX—Xxsinx 1+1-0 2
x—0 (ex —l) 0 x—0 Z(ex _1)ex 0 x—0 2|:ex.ex+(ex —]_)ex] 2[1+O] 2
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Example 4: Evaluate lim =2 —Iozg(1+x)

x—0 X
X x 1 eX+e* +xe’+
et +xef—— 2
. X_ ) . 1+x
lim X I02g(1+x)(9j:“m 1+X[9j:“m (I1+x)" _1+1+0+1_3
x—0 X 0 x—0 2X 0 x—0 2 2 2
Example 5: Evaluate Iimw
X0 X Sin X
. coshx—cosx(0 . sinhx+sinx (0 . cosh X 4+ cos x 1+1 2
lim————| — |=lim—— | — |=lim — = ==
x—0 X Sin X 0 x=08in X +Xxcosx\ 0 x=0 COSX+COSX—XsSinx 1+1-0 2

cosx—log(l+x)—1+Xx

Example 6: Evaluate |irT01

sin? x
i 1 1 —cosx+#
”mcosx—log(1+x)—1+x(gJ: lim TSinXe T (gj: lim @+x)° _ “1+1_
x>0 sin’ x 0) »0 sin 2x 0) »0 2 C0S 2X 2
x* =X

Example 7: Evaluate lim——
x>t x—1—log x

2

X X X 2 x-1
lim_ X X (g)ﬂimx (1+Iogx)—1(9j:"mx (L+logx)® +x " 141 _
x>l X—1— |og x\ 0 x—1 1_1 0 x—1 i 1

X VG
; X 1,
since y=x*=logy=xlogx=~-y
y

=1+logx= y'=y(1+log x)

then a (x*) =x*(1+log x)
dx

2
. Sec“x—2tanx
Example 8: Evaluate lim——
H% 1+cos4x

sec’ x—2tan X(O) 2sec’ X tan x — 2sec’ X (0) _lim 2sec” x +4sec’ xtan’ x —4sec” x tan x

H% —16 cos 4x

lim
H% 1+cos4x

=lim -
H% —45sin4x

0

0
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o) () o -o(

8
16 16

N |-

Example 9: Evaluate lim log(sin x. cosec a)
xa  |og(cos a.sec )

{COSXCOSEC a:|

log(sinx.coseca)( 0 . sin x. cosec a . cotx )
m = |=Ilim =lim——=cot“a
x>a  |og(cosa.secx) \ 0/ x-a |secxtanx.cosa | x-atanx
COSa.Sec X

. e +e ¥ —-2cosx
Example 10: Evaluate lim -
X0 X sin X

e* —e ™ +2sin x(oj

lim .
x—0 X Sin X

0

0

_lim e"+e+2cosx  1+1+2
x>0 COSX+C0SX—xsinx 1+1-0

=lim—
x=0 SiN X + XCOS X

el +e* —Zcosx(O)

xcos x —log(1+ x)

X2

Example 11: Evaluate Iing

=lim
2 0 0

x—0 X x—0 2X

. 1
lim xcos X —log(1+ x) (9) . COSX_XS'nX_H(Oj

—SiNX—SIiN X—XCOSX+-————
@+x)” -0-0-0+1_1

=lim
x—0 2 2 2
2

Example 12: Evaluate "m—log(l x)

x>0 |og COS X

—2X
_log(1-x*)(0) .. [1-X? . 2xcosx (0 . 2 COS X — 2X Sin X 2-0
lim———2| — [=lim =lim — |=lim > — = =2
x>0 Jogcosx \ 0 0) x»0(l-x°)cosx—2xsinx 1-0

-0 (—sinx) x>0 (1—x?)sin X
CoS X

. tanx—sinx
Example 13: Evaluate lim————
x>0 sin° X

0

. tanx—sinx( 0 . sec’x—cosx(0) .. 2sec’xtanx+sinx (0
lim—= | = |=lim=—=———"= =lim 5

x>0 sin®x 0) x>0 3sin?x cos x x>0 6sin x cos? X —3sin® x
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" 4sec’ x tan® x+2sec’ x+cosx  0+2+1
x>0 6cos° X —12sin® x cosx—9sin’ xcosx  6—-0-0

Method 2:
tan x —sin x
tanx—sinx . 3 . tanx—sinx/ 0 . Sinx
———=Iim X —=lim 5 (— o lim——=1
x—0 sin® X x—0 sin x x—0 X ko x>0 X
X

. sec®x—cosx(0) . 2sec’xtanx+sinx(0
=lim > Z |l=lim bl
x—0 3X 0 x—0 6)( ko

_lim 4sec’ x tan® x+2sec’ X +cosx  0+2+1
x50 6 B 6

3_1
6 2

. tanx—x
Example 14: Evaluate lim—;
x>0 X tan X

tan x — X
tan X — x N tanx—x(OJ tan x

lim > =lim =lim 5 — clim——=1
x>0 X tan x xao(tanxj o0 x|\ 0 x50 X

X

. sec’x—-1/0) .. 2sec’xtanx(0 . Adsec® xtan®x+2sec*x 0+2 1
=lim —1 = [=lim — |=1lim = ==
x—0 3X 0 x—0 6X 0 x—0 6 6 3

ax

Example 15: Evaluate lim———-
x>0 log(1+ bx)
. e g™ (0] _ae* +ae™
lim—————| = |=lim————
x>0 log(L+bx)\ 0/ 0 b/(1+bx)
_a+a_2a
b b

a*—1-xloga

Example 16: Evaluate lim >

x—0 X

X X X 2
lirm 2 —1—x|oga(9)="ma Ioga—loga[nglima (loga)® 1

== (loga)?
2 0 x—0 2% 0 X—0 2 2( ga)

x—0 X

e* —log(e +ex)

Example 17: Evaluate lim >

x—0 X
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e —log(e +ex) e“—loge(l+Xx)
2 2

lim —lim —limE —Ioge—zlog(1+x)(9]
x—0 X x—0 X x—0 X 0
- 0 “ : 2 141
im0y X7 1+,
x—0 2X 0 x—0 2 2

Limits of the form (fj :

o0

Example 18: Evaluate IimM
x>0 log(sin x)

log(sin 2x) ( « . (2cos2x/sin2x) ,. 2cot2x . 2tanx(0 . 2sec’x 2
m————= — |=1lim - =lim =lim —|=lim——===
x>0 log(sinx) \oo) x>0 (cosx/sinx) x>0 cotx  x0tan2x\0/) »x»02sec”2x 2
Example 19: Evaluate lim log X

x>0 COS ECX
__logx (o) . 1\ x _—sin®*x(0) ,. —2sin2x 0
lim — [=lim =[im — |=1lim — = =
x>0 COSeCX\ oo/ x>0 —cosec X.cotx x>0 xcosx \0/) »x»0cosx—xsinx 1-0
Example 20: Evaluate lim log cos X
Hg tan x
. logcosx( o« . —tanx . —tanx . -—sinxcosx -0
lim — [=lim——=~lim———=Ilim =—=0
X tanx (o) (7 sec” X x>Z SBCT X xLX 1 1
2 2 2 2
Example 21: Evaluate lim 109 =%)
x>l cot rX

- 2 -
“mlog(l—x)[fj:“m ~1/(1-X) _ lim SN X (gj_"m&zsmnxcos;rx:i:o

x>l cotzzx \ oo x-1 —rcosec’zx 1 z(1—x)\ 0 X1 —r r

Example 22: Evaluate lim log,,,,, tan 3x

x—0

lim log,,,,, tan3x=1lim logtan3x [fj "wlog, a= log, a
x50 x->0{ logtan2x )\ oo log, b
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. [ 3sec? 3x/tan 3x _Iim(B/sian.cosij_"m(3/sin3x.cos3x)
x>0{ 2sec®2x/tan2x ) x>0\ 2/sin2x.cos2x ) x>0\ 2/sin 2x.cos 2x

. [ 6/sin6Xx . (6sindx\(0 . ([ 24cos4x 24
=lim =lim| — — |=lim| ———— |=— =
x>0\ 4/sin4x x>0\ 4sin6x )\ 0 x>0\ 24c0Ss6X 24

Example 23: Evaluate I|mM
x->a log(e* —e®)

m log(x—a) (fj:"m 1/(x—a) _lim (e” —e)( j lim e* _g_azl

xalog(e* —e*)\ o) xoae*/(e*—e%) xae*(x—a)\0) »x»ae’(x—a)+e”

Limits of the form(0x ) : To evaluate the limits of the form (0x), we rewrite the

given expression to obtain either (g} or(f] form and then apply the L’Hospital’s Rule.
o0

1
Example 24: Evaluate lim(a*x —1)x

1
1 ar -1
lim(@@a* —1)x (0xo0 form)=|im((1j )(Oj lim

aX (log a)(zj
)
X X’
1
=lima*(loga) =a’loga = loga

Example 25: Evaluate lim(1—sin x)tan x

X—>=
2

lim(@1—sinx)tanx (0xco form)= Iimw(_]
= cotx \O

x—Z X——
2 2
—-cosx 0
=lim————=—=0
_cosec’x 1

x—>f

Example 26: Evaluate Iimseczi.logx

x—1 X

Ilmsec— log x (0% 0 form)_lqu log X (—j
2x “ cos £ \0
2X
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. 1/x . 2X 2
=lim =lim ==
w

X*Z—ﬂ[sinﬂj(_lj > rsin
2 2x )\ x? 2X

Example 27: Evaluate Iing xlog tan x

lim xlogtan x (Oxoo form)=lim |Ogtanx(fj
o0

Xx—0 Xx—0 (1/ X)
. sec’x/tanx .. —x*
=lim =lim—
x>0 -1 x=0 Sin X.COS X
X2

_=2x*(0) .. —-4x O
=lim— — |=1lim =—=0
x>0s5in2x\ 0 /) »x»02cos2x 2

Example 28: Evaluate lim (1- xz)tan%x

. X
lim (1 xz)tan7 (0x oo form)

. 1-x2(0) .. —2X
=lim —|=lim—
x—1 X\ 0 x—1 X
C -
2

Example 29: Evaluate Iing tan x.log x
X—>

. |
lim tan x.log x (0x oo form)=1lim ﬂ(fj
x—0 x=0 cot X\ oo
. 1/ x . —sin®x(0) ,. -sin2x 0
=lim ————=1im = |=Ilim =—=
x>0 —COSECc X x-0 X 0 x—0 1 1

Limits of the form(cco—o): To evaluate the limits of the form(co—), we take

L.C.M. and rewrite the given expression to obtain either (g} or[fj form and then apply

o0

the L’Hospital’s Rule.
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Example 30: Evaluate IingF—cotx}
x=0| X

Iim{l—cotx}:lim[l—@}(oo—oo form)
x—0 X x—0 X SIN X

. | sinx=xcosx |(0O . | COSX—C0S X+ Xsin X
=lim| ——————— || = |=Ilim .
X Sin X 0) sin X+ Xcos X

x—0 -0

: xsinx |(0
=lim| ——— || =
x-0| sinX+Xxcosx |\ 0

_lim Sin X + X COS X
x=>0| COS X +C0S X — XSin X
_0+0
1+1-0
Example 31: Evaluate lim[secx—tan x]
xeg
. . 1 in x
lim[sec x—tan x] = |Im[——s—:|(oo—oo form)
N4 «>%| COSX  COS X
2 2
. |1-sinx|( 0 . | —cosx| O
=lim — |=Ilim _ =—=0
H% COS X 0 H% —sin x 1

Example 32: Evaluate lim Lox
-1l logx x-1

lim| L X (0000 form)=lim (x=1)—xlogx (9)
il logx x-1 1| (x-=1)log x 0
lim )1(:11—Iogx lim —log x (gj:“”f l—l/x1 _ -1 -1
X2 ogx | T a-T4logx VO T S| D2
X X2 X
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Example 33: Evaluate lim| =——
x—=0| X e _1
IimF——l :l(oo—oo form) = lim| & =Y =% (9]
x>0 x e*-1 x—0 X(ex _1) 0
. e* -1 0 . eX
=lim| ————— =lim| ——
x—0 (e)< _1)+Xex 0 X—0 eX+eX+Xex
11
1+1+0 2
. 1 1
Example 34: Evaluate lim| ——-=
0| sinx X
|Im{i——}(oo—oo form)=|im{x_§mx}(oj
x>0 SINX X x-0|  XSin X 0
. 1-cosx 0 . sin x 0
=lim| ——— =lim __|= -0
x>0] sin X+ xcosx [\ 0 x>0] COSX+COSX—XSinX | 1+1

Example 35: Evaluate Iirg[l—w}
x—=0| X X

"mF_ Iog(12+ X)} _ "m{x— Iog2(1+ x)} (9)
x=0[ X X

X 0
1 1
1- 0 Lrx)? | 1
—lim| —LEX [ 2|2 jim| 2=
x—0 2X 0/ x>0 2 2

Example 36: Evaluate Iirrg[g—coti}

X a
cos X cos X
. |a X . |a - . |a 2 ((0
Ilm{——cot—} lim| = - )"’(‘ (s0—o00 form)=lim| =— )"’(‘ (6)
x—0 x—0 . x—0 .
X a X sinZ X sink
a a
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. X X 1 X X X_. X
asin ——Xxcos— a.—C0S— —C0S—+ —Sin —
=lim a a |l 2 |-lim a a a a
x—0 . X 0) x>0 . X X X
Xsin— sin—+—cos—
L a a a a ]
[ Xsinx 1sinX+X 1cosx
, a_ a 0Y)_ a_ _a aa _a 0+0
=lim — |=lim = =0
x>0 | . X X Xx{lo) o |1 x 1 X X . X 11
sin —+—cos— ~C€0S—+—-C0S———sin—| —+--0
. a a a a a a a a al a a

sin2x+asin x

5 is finite. Also find the
X

Example 37: Find the value of ‘a’ such that Iing
X—>

value of the limit.

. . 2C0S2x+acosx 2+a ..
Let A=lim 3 — |=1lim 5 = # finite
x—0 X x—0 3X

sin2x +asin x(oj
0

We can continue to apply the L’Hospital’s Rule, if 2+a=0 i.e., a=-2.

Fora=-2,
. 2c0s2x—2cosx( 0 . —4sin2x+2sinx/[ 0
A= lim > — |=1lim —
x—0 3)( 0 x—0 6)( 0
. —8c0s2x+2cosx -8+2
=lim = =-1
x—0 6 6

.. The given limit will have a finite value when a=-2 and it is—1.

. X@—-acosx)+bsinx 1
Example 38: Find the values of ‘a’ and ‘b’ such that Im(} ( 3) =3
X—> X

_lim (l-acosx)+axsinx+bcosx 1l-a+b

Let A=lim >
x—0 3x

x—0 X

3 —

X(L—acos X) +bsin X(O]
0

We can continue to apply the L’Hospital’s Rule, if 1-a+b=0i.e.,,a-b=1.

Fora—-b=1,

=lim
0

x—0 6X

A= lim

(L—acos x) +axsin x+bcosx(0) 2asin X +axcos X —bsin x(oj
x—0 3)(2
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3 IimSacosx—axsin Xx—bcosx 3a-Db
x50 6 B

= finite

This finite value is given as % le., 3a6—b :%: 3a—-b=2

Solving the equations a—b =1and3a—b = 2we obtain a :% and b = —%.

acoshx—bcosx

Example 39: Find the values of ‘a’ and ‘b’ such that Iirrg 5 1.
X—> X

acoshx—bcosx a-b

5 # finite

Let A=Ilim

x—0 X
We can continue to apply the L’Hospital’s Rule, if a-b=0, since the denominator=0.

Fora-b=0,

._acoshx—bcosx(0
A= lim > —
x—0 X 0

=lim —
x—0 2X 0

_lim acoshx+bcosx a+b
T x50 2 )

asinh x+bsin x(oj

But thisis given as 1.
sa+b=2

Solving the equationsa—b=0and a+b =2 we obtaina=1and b=1.

Limits of the formo0°, «® and 1” : To evaluate such limits, where function to the
power of function exists, we call such an expression as some constant, then take

logarithm on both sides and rewrite the expressions to get %or % form and then apply
o0

the L’Hospital’s Rule.
Example 40: Evaluate Iing x*
Let A=limx* (0° form)

Take log on both sides to write

DEPT OF MATHS, SJBIT Page 65



ENGINEERING MATHEMATICS-I 15MAT11

log, A=limlog x* =limx.log x (Ox o form) = lim 109X ©
" 0 0 1/x \ o0

m =
x—0 (_1/X ) x—0 1

1/x . =X 9
1

log, A=0=>A=¢e"=1 .. limx* =1
1
Example 41: Evaluate lim(cos x)*

1
Let A=lim(cos x)¥ (1* form)

Take log on both sides to write
1
log, A=limlog(cosx)* = Iingizlog cos X (cox0 form) = Iirrg log CZOSX(%j
x—=0 X X—> X

x—0

. —tanx(0) , -—sec’x -1
=lim — |=1lim ==
x—>0 2% 0 x—0 2 2

1 1
W2

1 - 1 . 1
log, A=—==A=e? =—= .. lim(cosx)* =—=
0. A=~ 5 limleosn” -

COos X

Example 42: Evaluate lim(tan x)

X—>=
2

Let A= lim(tan x)** («° form)

X—>=
2

Take log on both sides to write

log, A= limlog(tan x)*** = lim cos x log(tan x) (0xoo form)

X—>= XX
2 2

=lim—————=Iim =—=0

7 Secx.tanx H%sinzx 1

=lim
x> SECX

Iogtanx(fj sec’ x/tan x cosx 0

o0

log, A=0=A=¢e’=1 .. lim(tan x)™* =1

X—>=
2
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1
Example 43: Evaluate Iirrg(taﬂ)xz
X—> X

1
Let A=|irr3(mﬂ)x2 (@ form)
X—> X

Take log on both sides to write

1
log, A= Iimlog(taﬂ ¥ = Iim%log(taﬂ) (o0 x 0 form)
x—0 X x=0 X X

tan x sec’x 1
Clog(—) gy -=
= lim——*— (—j: lim-anx__ X
-0 x? 0) 0  2x
11 2 1
_imSiNX.COSX X _im SIN2X_ X _ jim 2x—sin2x(9j
x—0 2X ) -0 2x?sin2x \ 0
_lim 2—2c0S2X (gj —lim —4sin 2x [9)
x-0 4xsin 2X +4x? cos2x\ 0 x-0 45in 2X +16x cos 2x —8x*sin 2x\ 0
—8C0s 2x 8 -1

m - —
x>0 2408 2X —48xsin2x—16x?cos2x 24 3

tanx. > -

1
IogeA:—%:A:eS ~lim(—=)" =e 3

x—0 X
1
Example 44: Evaluate Iirr(](aX + X)*

1
Let A= Iirrg(aX +Xx)* (1” form)
Take log on both sides to write

1
log, A= Iirr(} log(a® +x)* = Iirrgilog(aX +X) (00 x 0 form)
X—> x=0 X

:”mlog(a +x)(%j:"rr0](a Ioga+11)/(a +X)

x—0 X

=loga+1=Iloga+loge=Ilog ae

1
~.log, A=logea= A=ea  Hencelim(a* +x)* =ea.
x—0
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Example 45: Evaluate lim(2—2)"'z
a

X—a

Let A=lim(2—>)""2 (1* form)
X—a a

Take log on both sides to write

log, A=limlog(2—2)""? = lim tan 2. log(2— ) (c0x 0 form)
x—a a x—a 2a a

(1/a)

l0g(2-2) g 2- X , sint X

:Iim—a(—):lim L :Iim—.—ia:_

gt ZX N0 o T ggec2 FX | Frr o X
2a 2a 2a a

2 2 . X tan”—x 2
~log, A=—= A=e~ Hencelim(2——) 22 =e~.
V4 a

X—a

PARTIAL DIFFERENTIATION:

Introduction: We often come across qualities which depend on two or more variables.
For e.g. the area of a rectangle of length x and breadth y is given by

Area = A(X,y) = xy. The area A(X, y) is, obliviously, a function of two variables.
Similarly, the distances of the point (x, y, z) from the origin in three-dimensional space is
an example of a function of three variables x, y, z.

Partial derivatives: Let z = f(x, y) be a function of two variables x and y.

The first order partial derivative of z w.r.t. X, denoted by a or a or zy or fy is defined

ox  OX
oz _ o Fx+dky)-f(xy)
OX  &—0 X

as

From the above definition, we understand that [2—ZJ is the ordinary derivative of z
X

w.r.t x, treating y as constant.

The first order partial derivative of z w.r.t y, denoted by S—Zor g_f or zy or fy is defined as
y y
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Q_ lim f(Xiy"'&)/)_ f(X, y)
&y ¥ &
From the above definition, we understand that [Z—Zj is the ordinary derivative of z
y

w.r.t y, treating x as constant

) . 0 (0z 0°z 0’ f
The partial derivatives —| — | = —— OF —— OF Zyy O Tyy;
P ax(axj ox: o oex: . T

o(oz\ &%z  o0°*f _
E 5 :W Orﬁorzworfw,
ooz 0%z
ooz 0%z

are known as second order Partial derivatives.

In all ordinary cases, it can be verified that
0’z 0’z
OX0y  OyoX

The third and higher order partial derivatives of f(x,y) are defined in an analogous
way Also, the second and higher order partial derivatives of more than two

independent variables are defined similarly.

A note on rules of partial differentiation:-
All the rules of differentiation applicable to functions of a single

independent variable are applicable for partial differentiation also; the only
difference is that while differentiating partially w.r.t one independent variable all
other independent variables are treated as constants.

Total derivatives, Differentiation of Composite and Implicit functions

In this lesson we learn the concept of total derivatives of functions of two or
more variables and, also rules for differentiation of composite and implicit functions.

a) Total differential and Total derivative:-
For a function z = f(x,y) of two variables, x and y the total differential (or

exact differential ) dz is defined by:

of of
dz = —dx+—dy - 1
OX +ax y (1)

Further, if z=f(x,y) wherex=x(t),y=y(t) i.e. x and y are themselves
functions of an independent variable t, then total derivative of z is given by
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dz _ of dx afdy

o e (2)
dt  ox dt ay dt
Similarly, the total differential of a function u = f (X, y, z) is defined by

du:idx+qdy+idz ----------------- (3)
OX oy 0z

Further, if u="f(x,y,z) and if x=x(t),y=y(),z=1z(t), then the total
derivative of u is given by

du _ of dx afdy of dz

............... (4)
dt  oxdt oy dt oz dt

(b) Differentiation of implicit functions:-

An implicit function with x as an independent variable and y as the dependent
variable is generally of the formz=1f(x,y)=0. This gives

(dzj (df j 0.Then, by virtue of expression (2) above, we get

dx dx
$=q+iﬂ or ﬂ of +iﬂ and hence
dx ox oy dx dx ox oy dx
(7%
0=i+iﬂ so that we get—= dy _ X --(5)
OX dx

()

(c) Differentiation of composite functions:-
Let z be an function of x and y and that x = ¢(u,v) and y = ¢(u,v) are functions

of u and v then,

o _Ax oy
ou oOxou oyou

Similarly, if z= f(u,v) are functions of u and v and ifu=¢(x,y) and
v =@(X,y) are functions of x and y then,
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oz _otou of ov
OX OUOX oV oX
g2 _tou v\ %
&y oudy ovay

Note:-1) The above formulae can be extended to functions of three are more
variables and formulas (6) and(7) are called Chain rule for partial differentiation.

2) The second and higher order partial derivatives of z = f(x,y) can be obtained
by repeated applications of the above formulas

Evaluate:
1. Find the total differential of
(i) e*[xsiny+ ycosy] (i) e
Sol:- (i) Let z= f(x,y)=e*[xsiny+ycosy] Then
? =e*[(L+x)siny+ycosy]
X

and % =e*[(1+ x)cos y — ysiny] Hence, using formula (1), we get
oz 0z

dz=—dx+—dy
OX oy

ie dz=e*[(1+x)siny+ ycosyJdx+e*[(1+x)cos y — ysin y]dy
(ii) Let z= f(x,y,z) =e™ Then
8_u: xyz.a_u: xyz _a_U: xyz
o~ 2k v O™ — =yl

Total differential of z = f(x,y,z) is (see formula (3) above)

du :a—udx+a—udy+a—udz
OX oy 0z

= " (yzdx + zxdy + xydz)
2. Find d—z if
dt
(i) z=xy? + x’y ,where x =at®,y = 2at
(i) u=tan*[ ¥/ | wherex=e'—e, y=g' +e! (VTU-Jan 2003)
X

Sol:- (i) Consider z = xy® + x°y

oz

0z
—=y2 4 2xy & — =2xy + x>
o y Xy - Xy
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Since x =at® & y = 2at, We have %:Zat, %:Za

Hence, using formula (2), we get
dz_ozde oz dy
dt oxdt oy dt

= (y2 + 2xyX2at)+ (2xy + X2X2a)

= (y2 + 2xy)y + 2a(2xy +x° ) Using y = 2at

az =y® +2xy? + daxy + 2ax’

e
To get (%j explicitly in terms of t, we substitute

x=at’ & y=2at, to get
(%J:2a3(8t3 +5t*)
dt

(ii) Consider
—tant Y

-t (%)
u__ -y u_ x
x xXP+yrloy xP+4y?
Since x=¢e'—e"' & y=¢e'+e ", ,we have

%:e%e’t:y ﬂ:et—e":x
dt

dt
Hence d_uza_u%Jra_uﬂ (seeeqn (2))
dt  ox dt oy dt
-y X x* -y’
(el e (2l
Substituting x=e' —e" & y=e'+e™", we get
du -2
dt e* +e™
o (dy) .
3. Find ax if (i) x¥ +y*“=Constant
X

(i) x+e’ =2xy
Sol: - (i) Let z= f(x,y) =x’ + y*=Constant. Using formula (5)

of

Page 72
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But % =yx"'+y*logy and %— x” log x + xy** Putting those in(*), we get

dx x” log x + xy**
(if) Let z=f(x,y)=¢" +e” —2xy =Constant

Now, q=eX -2y; i:ey — 2x Using this in (8),
OX oy

d_y__{yxylwx log y}

of
dy éx __Jet-2y
dx 57 ey —2x
oy
4.(1) If z=1f(x,y),where x=rcosé,y=rsing show that
2 2 2
(@j | &2 :(@j i1 (OZJ (VTU July-2005)
OX oy or o6
(i) If z=f(x,y),where x=¢"+e" & y=e" —e’,Show that
oz 0z 01 0z

ou v ox oy

Sol: As x=rcos@ andy =rsinéd, we have

6x cosd, a—_—rsin@;@:sin@&ﬂ
ar 00 or

Using Chain rule (6) & (7) we have

(g}zgax oy az(c059)+6—(sm9)
or) oxor oyor oX oy

=rcosd.

rsin 9)+g(r cosé)

(azj oz ox o oy az(
Squaring on both sides, the

00 8X819 oy 00 ox

above equations, we get

2 2 2
(QJ =(§j cos’ @ + a sin29+2(gj @ sin@cos @
or X oy ox )\ oy
2 2 2
iz(zj =(gj cos’ @ + a sinze—z[a—j z sin @ cos &
r-\oé OX oy OX )\ oy

Adding the above equations , we get
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HEBE EEH S

2 2
:(@j + a as desired.
OX oy
(ii)As x=e"+e" & y=e"—¢e", We have
X e“,% —e @— evg Vo e
ou ov "éu Y
Using Chain rule (6) we get
(@jzﬁﬁﬁﬂzﬁ(eu)_@(ev)
ou oXxou oyou oX oy

[QJZQ%JrQQ_ (574 (—e‘V)— 0z (_ev)

o) XV oyov  ox oy
(gj—(gj :Q(e” +e‘V)—g(e‘” —ev)
ou ov) OX oy
a, o
oxXx oy
ou ou _ou
5 () Ifu=f(x,z,y/z) Thenshowthat x—-y—-z—=0
(i) (x,2,y/2) x 'y ta
(i) IfH = f(x-y,y—12,2—x), show that
oH oH oH _,
ox oy oz
Sol: - (i) Letu = f (v,w), where v =xz andw=%
N N0y g Moo Wy -y
oX oy oz oX oy Z" 0oz z

Using Chain rule,
ou_oudv  ouow 8u(z)

ou ou
—+ = +—(0)=2=
X ONOX WX v ow ov

ou ouov ouow oau ou 1lou

oy ovoy owoy ov z

ou_oudv ouow _du ui—y ou 'y au
— —(x)+— /2 X— -2

& oL owar v ow z

From these, we get

(i) Let H = f(u,v,w)Where u=x—-y,v=y—-z,w=2—-X

(VTU-July-2004)

(VTU-July-2003)
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ou ou ou

Now, —=1,—=-1,—=0
ox oy 0z
6x ay "oz
w :_1,8_\” = O,a— =1 Using Chain rule,
OX oy oz

H _oHou oHov aHow_oH gy oH ) oH
X uXx vox woax au N ow
OH _oHou dHov oHow _oH( \ oH g v

+
oy T ou ay £l ay ow ay ou ov ow
oH_dHaou oHov oHaow_oH g, My, My
0Z ouoL ovorL owoL ou ov ow
ou ou _ou
Adding the above equations, we get the required result x——-y——-z—=0
OX oy 0z

Applications to Jacobians:

In this lesson, we study Jacobians, errors and approximations using the
concept of partial differentiation.

Jacobians:-
Jacobians were invented by German mathematician C.G. Jacob Jacobi (1804-

1851),who made significant contributions to mechanics, Partial differential equations and
calculus of variations.

Definition:- Let u and v are functions of x and y, then Jacobian of u and v w.r.t x and
denoted by

J or J(u'vjor 6(u,\;)

xy) oxy)
is defined by
ou ou
] [u] _|ox oy
X,y oV oV
ox oy

Similarly, if u, v, w are functions of three independent variables of x, y, z, then
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ou ou ou

X oy o
J:J(u,v,w}@ v oo
X, Y,Z ox oy oz

oW OwW Ow

x oy oz

Remark:- In a similar way, Jacobian of n functions in n-variables can be defined

Note:- (i) If J = a(u,v) , then the "inverse Jacobian™ of the Jacobian J,

o(x,y)

denoted by J',is defined as
5 _oxy)
d(u,v)

(i1) Similarly, "inverse Jacobian” of J = a(u,v, W) is defined as J' = a(x, Y. Z)
a(x,y,z) a(u,v,w)

Properties of Jacobians :-

a(u,v) and J' = a(x, y) then JJ' =1

a(x,y) a(u,v)

Property 1:- If J =

Proof:- Consider

olu,v

(u,
o(x,y

Jt =

Property 2:- (Chain rule for Jacobians):- If u and v are functions of r&s andr,s
are functions x&y,then

M
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Proof:- Consider

du ou| |or or
)m)-E oe
r,s X,y ov ov| |0s Os
o os| |ox oy
quor uds audr ouds
_|orox  oOsox  oroy 0Os oy
Clvor vos aver ovas
orox o0sox oroy osoy
u
- 2
ov oV X,y
x o

Jacobians in various co-ordinate systems:-

1. In Polar co-ordinates, x=rcosé,y =rsiné

a(u,v)
——< =T
a(r,6)
2. In spherical coordinates, x = pcos @,y = psing,z = z, we have
a ) )
(xy.2)_
d(p.4.2)

we have

3. In spherical polar co-ordinates, X =rsin@cos¢,y =rsingsing,z =rcosé

Proof of 1:- we have, % =cosé@ and Q =sind
- or or

%:—rsine and ﬂ:rcosé?
00
x
_a(x,y)_ or 06| _ cosd —rsind
"o(ro) |oy oy| [sing rcosd
or 06

— rcos? 0+rsin? 6 =r(cos? @ +sin? 6)=r

Proof of 2 :-we have g=cos¢, ﬂ:sin¢ ,@:o
op op op

%:_psin¢’ QZ,OCOS¢ ,QZO

o¢ o¢ o
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0z 01 0z

20, X -0,2=
op op @
& Oox OX
op 04

cos¢g —psing 0
M ¥ ¥ @:sin¢ pcosg  Ol=p
Ap,p,2) |6p 04 oz 0 0 .

0z 07 oz

op o0p &

Proof of 3:- We have

:sinecose,% = rcos@cos¢,% =-rsiné@sin ¢
00 o¢

or
ﬂ:sin¢9sin¢,ﬂ:rcos@sin¢,ﬂ=rsin¢9cos¢
or 00 o¢p
Q:cose,z:—rsine,gzo
or 00 o¢

5 sinfdcos@d rcosdcosg —rsingsing

.'.agx’z’zgzsinesin¢ rcosédsing rsinécos¢

r’ ) -
¢ cosé —rsiné 0
=r?sing

Evaluate
1. If u=x*>-2y* v=2x*—-y?, where
X=rcoséd,y=rsing show that
a(u,v)
a(r.0)
Consider u=x*—-2y* =r*cos”’ 8—2r*sin’ @
v=2x"—y? =2r?cos*@—r?sin’ o

=6r3sin20

.-.a—u:Zrcosze—4rsin29,@:4rcoszt9—2rsin20
or or

au 2 - 2 a3

— =-2r-cos@sin@—4r-sin@cos

o0

ﬂ:—4r2cos:9sin¢9—2rzsinecose

o0

ou ou

15MAT11

(VTU-Jan-2006)

o(u,v) [ar 8g| |2rcos®@—4rsin?@ —2r®cos@sind—4r?sinfcosd
ar,6) |ov V| |4rcos®@—2rsin®@ —4r?cosdsin®—2r?sindcoso

or 06
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— (2r cos? @ —4r sin? 6)—4r? cos 6sin 6 — 2r? sin 6 cos 6)
— (~2r cos Gsin 6 — 4r? sin @cos 6 4r cos? 6 — 2rsin® 6)

=6r3sin20
2. 1f x=u(l—v),y =uv, Prove that J (ﬂj xJ 1(ﬂ) -1 (VTU-2001)
u,v u,v
Consider % :1—v,Q =—u
ou ov
y_, o,
ou ov
x o
-Jﬂ _leu ev| f-v -—u
Cluyv) oy oy u
ou ov

=@1-vu—-(-u)=u-uv+uv=u

.'.J(ﬂj:u———(l)
u,v

Further, as x=u(l—v),y =uv,
=u—uv
We write, x=u-y ..u=Xx+Yy and

) s
u (X+y X+Yy

au =1 au =Jland
OX oy
N___ Y wv__ X
x  (x+yf oy (x+y)
-y 1
-Jl[ﬁJzaX Y y X
oy v e :
x (x+yf (x+y)
X Yy 1 1 1 1
(x+y) (x+y) (Xﬂ/j u u

3. If x=e"cosv, y=e"sinv, Prove that
o) oluy)

o(u,v)  o(xy)
Consider x=e"cosv  y=e"sinv
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¥

oxX
—=e" cosV

=e"sinv
ou ou
%z—e“ sinv ﬂ:e“ cosV
ov
OoX ©OX
~o(x,y) |ou ov| |e'cosv —e'sinv
o) oy Y| |e"sinv e“cosv
ou ov
oY) o ®
a(u,v)

Again Consider x =¢" cosv, y =e"sinv,

Sxiyi=e" oru =%Iog(x2+y2)

y —tan-i( Y
&;_tanv or v=tan (4)

ou X _ou y
Hence —=———,  —=—;
OX X°+y° oy X +Yy

ov -y oV X

&&zx2+y2'5=x2+y2

ol | x oy
_a(u,v):ax 6’y=x2+y2 x2+y2= 1 =(x2+y2)7l
Colxy) |voav) | -y x| Xy

ox oy| [X*+y® XP+y?

au,v) a(x,y

4.1f u ZE,VZE,WZﬁ, Show that 8(u,v,w):4

X y z a(x, y,2)

u ou ou yz z y

x o a| ¥ x x

Now, olu, ’W)_@ Noov_|z _ZZX X

(x,y,z) |ox oy oz y y

ow oW ow |y X -—Xxy

ox oy oz| |z z?
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s )
G-I

=4, as desired.

X | N

o(x, y, z)
o(r, 6,¢)

=r’sin@

5.1f x=rsin@cos¢, y =rsingsing,z = rcosé ,show that

Now, by definition

OX OX OX
o 00 o¢
olxyz)_|oy & &
ar,0,¢) |or 00 o4
oL 01 oz
o 00 o¢
sin@cos¢g rcos@cosg —rsingsing
o Axy,z) | : .
l.e ———<=[sin@sing rcosdsing rsindcos g
olr.6.9) cos & —rsind 0

—sin@cos p{0— (r? sin? Ocos ¢}

—rcos @ cos ¢{0 —(rsin @ cos cos @)}

—rsin@sin ¢{— rsin® @sin ¢ —rcos” @sin ¢}
= (r2 sin’ 9)sin 6 cos” ¢+ r? sin @ cos® @ cos’ ¢
=r’sin 6?(5;in2 0+ cos® 6?)0052 $+r’sin@sin® ¢
=r’sin 49(0052 ¢ +sin’ ¢)

=r?sin @, as required
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MODULE 111

VECTOR CALCULUS

CONTENTS:
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e Gradient, Divergence, Curl, Laplacian Vector function.......... 92
e Solenoidal and Irrotational VECtOrS....ccevveneiniiniiniierinrnennren 94
IV £ Tot (o] gl Fo (=] o | 1= 929
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Introduction:

Basically vector is a quantity having both magnitude and direction. Vector
quantities like force, velocity, acceleration etc. have lot of reference in physical and
engineering problems. We are familiar with vector algebra which gives an exposure to all
the basic concepts related to vectors.

Differentiation and Integration are well acquainted topics in calculus. In the
background of all these we discuss this chapter vector calculus comprising vector
Differentiation. Many concepts are highly significant in various branches of engineering.

Basic Concepts — Vector function of a single variable and the derivative
of a vector

Let the position vector of a point p(x, y, z) in space be

%
r =xi+yi+zk

If X, y, z are all functions of a single parameter t, then r issaid to be a vector function of
- -

t which is also referred to as a vector point function usually denoted as r = r (t). As the
parameter t varies, the point P traces in space. Therefore

%

r=x() i+y (1) j+z(t) k
is called as the vector equation of the curve.

dr _’ dx. dy . dz

()= —I j+—-k

dt dt dt dt
Is a vector along the tangent to the curve at P.
If tis the time variable,

S odr . —
L= Py gives the velocity of the particle at time t.

N — — —2>
Further a = dv = djar)_d g represents the rate of change of velocity
dt  dt| dt | dt

—>

and is called the acceleration of the particle at time t.
d - - - N
L a{cl h)Ec,n, (t)} =c, ' (t)+c, r,(t) wherec, ,c, are constants.

2. 9(7.6)-¢ 9 4F

t

Oi

G

o
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3. dt dt dt
Where F =F(t) and G =G(t).
Gradient, Divergence, Curl and Laplacian:

If ¢ is scalar function A is vector function A=aji+a,j+ak then

1. ie., grad ¢:V¢:%i+%j+%k

2. If A=aji+a,j+ak,
e e 0. 0. O . .
d|vA=V.A=(&|+5J+Ek}(a1|+azj+a3k)

divA=v. A= % 0% 08
ax 8y fo/4

3. If K:a1i+a2j+a3k,

i ] k
divA=vxa=| 2 2 0
X oy oz
a a, g

_if 9& _ 93, (%_aal}k 0a, 0a

oy oz OX 0z ox oy

o’p 0’9 09
4. Laplacian of ¢ = V¢_W ay2+az

- N 2_> 2_) 2_)
5. Laplacian of A:V2A=a '2A+a f‘+a '26‘
OX oy 0z

Important points:

N
- 2

- & 2 ~ d
1. If r=x() +y(t)1+z(t)k,thendd—tr is velocity and dt2r is acceleration.
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{ d ?J a7
. dt . . s
2. The unit tangent vector ¢ _ and unit normal vector is A :d—f where
ar !
dt
~ ds
T=—.
dt
3. If Aand B are any two vector and @ is angle between two vectors, then
A.B
6 =cos™ — |
43

- —
4. Component of a vector (velocity or acceleration) F along a given vector C is the

o

resolved part of F givenby F . 1 where n=

ol

BN
5. Component of a vector F along normal to the C is given by

—

= F—(F.cj.é.

- o - 2 n
1. Find the unit tangent vector to the curve r = costi +sint] +tk.

—

N
F —resolved part of acceleration along ¢

- o - 2 ~
Soln: Given the space curve r =costi +sint] +tk

N

Todr —sinti +costj +k
dt

=x/’coszt+sin2t+1 -1+1=2

Therefore, the unit tangent vector to the given curve at any point is

T= i _ (—sintf+cost]+ k) - —(—sintf+costj°+ k)

¢ NN

.?

2. Find the unit normal vector to the curve r = 4sintf+4costj°+3tl2.

Soln: Given r =4sinti +4cost] + 3tk
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AT =dd—tr = 4costi —4sintj + 3K

"F‘ =\j16(coszt+sin2t)+9 —J25=5

Therefore, the unit tangent vector to the given curve at any point t is

T (4costi —4sintj +3k R .
Tzlz( )=1(4costi—4sintj+3k)
g 5 5
E
o [dT ) | dT
daf | at || at :l{l(—4sintf—4cosﬁ)}
ds | ds a7l | 5L5
at ) | 150
dt
d—Tz—i(sinthcosti)
ds 25
- 2
and |97 = (ij (sin2t+coszt):i
ds 25 25

The unit normal vector to the given curve is

ar

ds (—4/25)(sintf+costj)
df| (4125)
ds

= —sinti —cost]

A=

3. Find the angle between tangents to the curve X =t°,y =t%,z =t* att=2 and
t=3.
Soln: Define the position vector r = x(tT + y(t) J + z(t)k

r=ri+t2]+1k

ie., T_4dr_ 2ti +3t2 j + 4tk
dat
=T |, =4 +12] +32K = 4(7 +3] +8K)

>
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- |Al= J16(1+ 9+ 64) = 4+/74

—

=T|,s=61 +27 ] +108k = 3(2i +9] +36k)

Wl

. |Al= \/o(4 +81+1296) = 3./1381

Let @ be the angle between two vectors A and B, then

A A B _COS1[4(f+3j+8|2).3(2i‘+9j+3612)

A3 474 31381

2427+ 248
=05 | ————— |=c0s5*(0.8665
J74 x \/1381J ( )
0= 300

4. A particle moves along the curve X =1—t>,y =1+1t?,z = 2t —5. Determine its
velocity and acceleration. Find the component of velocity and acceleration at t=1 in

the direction 2i + j + 2k
Soln: Given the position vector
r=Q—t) +@1+t?)j+ (2t —5)K

—

the velocity, v — ‘L—tr — (=3t2)i +(20) ] + (@)K

> drr o
and acceleration a = e = (-6t +2]

att =1, V=-3{+2j+2K
a=—6+2j
Therefore, the component of velocity vector in the given direction
a=2i+ ]+2k.

(2i+]+2k) —6+2+4

NAa+1+4 3

The normal component of acceleration in the given direction

VA= (=3 +2]+2K).

0

g.ﬁ:(—6f+2j).(2| + ] +2Kk) _ -12+2 =—E.
J4+1+4 3 3
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5. A particle moves on the curve x = 2t*, y =t —4t, z =3t —5, where t is the time

Find the components of velocity and acceleration at time t=1 in the direction
I +3]+2K.

-

Soln: The position vector at any point (x,y,z) is given I = Xi + yj + zK, but
=265 +(t? —4t) | + (3t =5)K
Therefore, the velocity and acceleration are

—

v=9T A (et—a)yjeaK
dt
Sod?r .
a=——75=41+2
dt? )
att=1, v=4i —2]+3K
a=4i+2j

Therefore the component of velocity in the given direction { —3]+ 2K is
VA= (@i —2j+36) 02812k _ 16

J1+9+4 (14

Since dot product of two vector is a scalar

The components of acceleration in the given direction { —3j + 2k is

a.fn- (41 +27). d ,_ijg++2k) J134

Unit Normal Vector:

n_ve

N=—=—- where i=Vg¢=Normal vector
A V4l

Directional Derivative (D.D.):

If & is any vector and ¢ is any scalar point function then Directional Derivative
. Vg¢a
(D.D.)= Vga= véa

4
Maximum directional derivative (Normal derivative)

The directional derivative will be the maximum in the direction

Vo(ie,a=Vy)
. N R \%
and the maximum value of directional derivative = V¢. = | ¢| =|vg|.
IV¢| iz
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Note : The maximum directional derivative is also called normal derivative i.e., Normal
derivative =|V ¢|

Equations of Tangent plane and Normal Line:

Let #(X,Y,Z) =C be any given surface and (X, Y1, Z;) be a point on it, then
(i) Equation of tangent plane to #(X,Y,z) =c at P(x,, ¥,,7,) is

x| 22 _yv| 92 _H[292) _
(x xl)(axjpﬂy yl)[ayjpﬂz Zl)(asz 0

(i) Equation of normal line to ¢(x,y,z)=c at P(x,,V,,z,)is
(X_xl) _ (y_yl) _ (2_21)
op O
(%), (&), (&),
3,3

Ex. 1: If ¢=x3y325,find V4 at (1,2,1) along i+2j+2k

Soln: Given ¢ = x3y323, then

vg=014095,.99¢
ox oy oz

:(3x2 y3z3)i+(3x3y223)] + (3x3y322)I2
V|1, = 241 +12]+ 24k

Letg=i+2]+2f<:>g

=y1+4+4=3

A g i+2]+2R
a=—=—
2 3

a

V¢ at (1,2,1) along the vectors g IS
(f+2]+2lA<)

A

Vé.a = (241 +12) + 24K).

:£(24+24+48):%
3 3

N

Vg.a =32
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Ex. 2: Find the unit normal vector to the surface xy’z* =4 at the point
(-1,-1,2).
b=x°2"
Soln: Let V¢ =%f+%]+%lz = y322)f+3x222]+2xy32lz
ox oy oz
and Vg |, =-4i-12]+4K
Therefore, the normal vector to the given surface is

NVl ,,=—4i-12j+4k
Nl =16 +144+16 =176 = 4411
- H 1 » Ao
SoN=—=—(-i-3j+Kk
. VLR

Ex. 3: Find the angle between the normals to the surface Xy = 2% at the points (1, 4, 2)
and (-3,-3, 3).

Soln: Let ¢(X, Y Z) =Xy — 2 be the surface
The normal to the surface is

Vo =i 20y 2Pk Gy?)
V¢ :yf — x] +2zk

V|14, = 41+)-4k

V| 5q =—31-31+6k

Are normals to the surface at (1, 4, 2) and (-3,-3,3).
Let & be the angle between the normals
e cosom non, (4i +j-4k).(-3i-3j+ 6k)

V16 +1+16 /9+9+36

—

n

—

n,

_ —12-3-24

BNCEN

—39

~ /3354
1 -39
@ =cos [_—’\/?E\/Sjj
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Ex.4: Find the directional derivative of ¢ = x”yz +4xz” at the point
(-1,-2,-1) in the direction of the vector 2i - ] -2Kk.
¢ :xzyz +4xz°

V¢——(x yz+4xz )|+ (x?yz+4xz )j+ (x yz+4xz )k
Soln: Given X oy

:(2xyz+422)?+ (xzz)]+(x2y+8xz)R
Ve, , . =8i-j-10k
The directional derivative of ¢ at the point (1,-2,-1) in the direction of vector
2i-j-2k.is

s oA . a 2i-j-2k 1 37
=(@8i-j-10k). | ——=—— |==(16+1+20)=—
( ) ) [x/4+1+4j 3( ) 3

Ex.5: Find the directional derivative of ¢ = Xy? + yz° at the point (1,-2,-1) in the
direction of the normal to the surface x log z —y? = —4at (-1, 2,1).

¢ = xy2 + yz3

Vo= y2f+(2xy+z3)1°+(3y22)k
Soln: Given o
V¢|(1, p-p) =4 ~-5] -5k

Let¢1 :xlogz—y2

Therefore the normal vector to the surface x log z—y? =—4isVd

V¢1=Iong —+(—2y)] + [;] k

— . . 1) - o
and n =V¢1‘ :Iog(l)i—(2><2)j+(—1jk:—4j—k

(-12,1)

_ 671 = i7

Therefore, the directional derivative of the surface ¢ = xy? + yz°>at (1,-2,-1)
in the direction normal to the surface
x log z—y* =—4at(-1,2,1). is
1 25

- Vi = (47 -5]-5k). \/1_( ~4]-K)=—=(20+5)=

17

&
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Ex.6: Find the equation of tangent plane and normal to line to the surface x log
z—y? = —4at the point (-1,2,1).

Soln: Let ¢ =xlogz—y?.

% =logz — % =0
OX (-1,2,1)
9P| 2y — oF =—4
Therefore oy o (-1,2,1)
oz Zz oz (-1,2,1)

Thertefore, equation of the tangent plane is

o o o
(x— Xﬁ(ajp +y- yl)[EJp +(z- Zl)(Ejp -0
Hence (Xl’ Y1 Zl) =(-12,1), then
xX+D0+(y—-2)(-4)+(z—-1nY(-1) =0

—4y+8—-z+1=0

4y+2+9=0
And the equation of the normal line is

(x=x) (=) (=) () _(v-2)_(z-1)
&) (&) (2 T
OX EY 0z

Properties of divergence:

1.Prove that div[K+ §j — div A+ divB

Or V.(Xw gj = V.K+V.§

1.Proof: Let A= Ai+A,j+Ak, B=Bi+B,j+Bk

(K+§j: (A +B)i+(A +B,)j+(A+B,)k

V'(A+Bj:&(A+Bl)+5(Az+Bz)+E(A3+B3)
= a—A“rai+% + %+%+%
ox oy 0z OX oy 0z

V.(Z+ Ej = V.Z+V.§
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2. Prove that
div(gﬁx)=(grad¢).K+¢(divK)
or v.(¢ Kj =(V¢).K+¢(V.Kj
Proof: Let A= Al + A j+AK
then , ¢K—¢AJ+¢AZJ°+¢A31€
V.(qﬁ%j (¢Al) (¢A2)+—( ¢ A,) by the property,
5& 5A2 LA 0p 5 08, p OF
—¢( Y ] Al Az AT
2 ¢, 00 0fp
=¢(V.A) (A1I+AZJ+A3k)[ ayj+5kj
v.(ﬂj:(w)ﬂm[v.AJ

Properties of curl :

1. Prove that curl:
(;;+ Iglj — curl A+curl B

Or Vx[;;+ §1J=VX_A)+V><§
Proof: Let A= Ai + A, j+AK, B=Bji+B,j+BK

Therefore, A+ B= (A + B, +(A, + B,) j+ (A, +B,)K

[ i k
VX[LE):i KB K
OX oy oz
A+B A +B, A+B
P ]k P ]k
|l ° 92 || 2 <2
oxX oy o0z oxX oy o0z
A A A |Bf B, B
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2.1f A is a vector function and ¢ is a scalar function then
curl (qi _A)j = ¢[cur| ,_A)j + grad ¢ x ,_A)
or VX(¢—A)j =¢[Vx _A)J+V¢>< A
Proof: Let A= Af + A j+AK
then , ¢A=gAl+gA,j+pAK

I ] k
= 0 0 0 0 o A
veph=lS 2 2 oS 2 pa)- L)

oy oy oz oz
_ oA, _OA, o _, 09
—ZP(@ )ag %84

] K
0 0 2 |, |04 o4 op
OX oy oz oX oy oz
A A Al A A A

—

VX¢Z=¢(VXZ\)+V¢XA

Laplacian: The Laplacian operator V? is defined by
¢ ¢ o

+ +
ox* oy* or°

Irrotational VVector (or Conservative Force Field): A vector field F is said to be

V-V=V?=

N
irrotational vector or conservative force field or curl free vector if VxF =0 or curl
-

F=0.

Scalar Potential: A vector field E which can be derived from the scalar field ¢ such

that F =V¢ is called conservative force field and ¢ is called scalar potential.
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Solenoidal Vector Function: A vector A issaid to be solenoidal vector or divergence

free vector if div K =V. /K =0.

Curl of a vector function: If A is any vector function differentiable at each point

(x,y,z) then curl of Z\ is denoted by curl K or Vx K and it is defined by

P ] oK
curI;)=V><;\)=i o 9
OX oy oz
AR A
curl A =9 A - [a’% aAzj [6‘\3 6“1} (@_ﬂjg
oz oXx oz ox oy

Hence, curl of a vector function is a vector.

Ex.1: If F = grad(x V+yz+2%x— xzyzzz)thenfinddivEat(1,2,3).
Soln: Given

_)
F =grad (x3y+ y3z+ 3% — x2y222)

—V(x y+y z+z3x x2y222)
_)

F =(3x3y+ 23 —2xy222)f+(x3 +3y2; —2x2y22) j+(y3 +322x—2x2y22)I2

2,2

_>
divF=6xy—2y2 +6yz—-2x“2 +62x—2x2y2

%
~VF =12-72+36-18+18-8=-32.

(12.3)

Ex.2: If E:(x+y+1) i + j—(x+ Y)k, then show that F .curl F =0.
Soln: Given F =(x+y+1) i+ J—(X+ YK,

o 2 ~

I J k

%
curIF =VxF = 9 2 9
OX oy oz

X+y+1l 1 —(x+Yy)
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=(-1-0) —(-1-0) j+(0-1)k

% A A A
curl F =—1+ -k
- — . .
- Fourl F =((x+y+1)i + - (x+ y)k).(—i +j—k)
=—(X+y+1)+1+(x+Y)
=0

% ~
Ex.3: If F =(ax+3y+4z)l +(x—2y+3z)]+(3x+2y—2z)k is solenoidal, find ;’a’.
Soln: Given
— . A .
F =(ax+3y+4z)1 +(x—2y+3z) ]+ (3x+ 2y —z)k, then
2 0 0 0
V.F =—(ax+3y+4z)+—(x-2y+3z)+ —(3x+2y-z)=a-2-1
OX oy 0z

%
V.F =a-3

_)
Since the vector field is solenoidal therefore V. F =0, then

a-3=0=>a=3

Ex.4: Find the constants a,b,c such that the vector
% ~ ~
F =(X+y+az)l +(x+cy+22)k + (bx+ 2y —z) Jis irrotational.
_) ~ ~
Soln: Given F =(x+y+az)i +(x+cy+2z2)k+(ox+2y—2)]

N
Since the vector field is irrotational, therefore Vx F =0.

] ] k
%
curl F |2 9 9
OX oy 0z
X+y+az bx+2y—z X+cy+2z

—(c+1)i—(@1-a)j+(b-1)k
ie, (c+)i—(1-a)j+(b-1)k=0
This is possible only when,
c-1=0, 1-a=0, b-1=0 = a=1, b=1, c=1.
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5
Ex.5: Prove that 1. Vr" =nr"?r,
Soln: We have by the relation x=rcos @, y=r sin@.

By definition

vt = L ()i 2 () j 2 ()R
OX oy oz
L arj+nr"—lﬂ|2

OX oy oz

But r* =x°+y?

e gy O Xy XY or_z
OX "X r oy r oz r

:nr”‘l(ijf+ nrot [lj j+ nr”‘l(ijlz
r r r

=nr"2xi + nr"?yj + nr"?xzk
:nr”*Z(xf+ yj+zl2)

N
=nr"2r

Ex.6: Prove that sz(r) f (r)+ f'(r), wherer r2 =x2 +y 2,22

Soln: Given r2 =x2 + y2 +22.
.'.2r@:2x:>ﬂ=§ similarly g:i o_z
OX ox r oy r oz r
0’ &° a Lo
Letg = f(x):>V ¢= 2—_2—[f(x)] f(r)—
X X OX

62¢ 024 %4 0%
2" 2 27 2
OX ox= oy~ oz

v 9| sy X | oy 0| XN
_Zc?x{f(r)r} Zax{ r }

1] o, ., ., Lor
=Z—2_r&{Xf (r)}—xf (r)&}

Where Y.

(e , X
:zrz _r{xf (r)&+1.f (r)}—xf (r)F}

2
_y Ll r{xf "X+ f’(r)}—x— f'(r)]
2 r r
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i 2
T e L e 0o p f'(r)}
2 r

2
=zi2 xzf”(r){rx—]f'(r)}

r

2 2
= i{xz f7(r) +{r —X—J f ’(r)}+i{x2 f(r) +{r _Y J f ’(r)}
r2 r I‘2 r

2
+i2|:x2 f ”(r)+{r—ZTJ f’(r)}
r
2 2 2

:i[ 2+y2+22]f"(r)+i r— X =Y Z )
r2 r2 r r r

:rizrzf"(r)ﬂLriz[Sr—%(xz +y%+ 22)} f(r)
=ri2[ 2f”(r)}+ri2[3r_%(r2)} £1(r)
ARG CEUREC

r

V2R (ry=£"(r) +§ £(r)

A

%
Ex.7: Find the constants ‘a’ and ‘b’ so that F = (axy+ 23)f+(3x2 — z) j+(bxz2 - y)k

H
irrotational and find ¢ suchthat F =V¢.

g PN R S,
Soln: Given F =(axy+z”)1 +(3x“ —2) j+(bxz“ —y)k

- >
Since F isirrotational i.e., VxF =0.

] ] k
9 L A
OX oy 0z
axy+z3 3x2 -2 bxz2 -y

e, (~1+1)i —(bz%—-32%)]+(6x-ax)k =0
ie, —z2(b-3)j+(6-2a)=0
which holds good if any only if b-3=0and 6-a=0= a=6 and b=3.
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Also given that Vg =F

(%H%H%R]:(wa 23)f++(3x2—z)i+(3x22—y)I€
ox oy oz

'.%:6xy+z3:>¢=3X2)’+XZ3Jrf (y.2)
OX .
%:3X2—22>(/5=3X2y_yz+ f2(x,z)

%:3x22—y:>¢=X23—yZ+f (x,y)
oz 2

Hence ¢ = 3x2y+ xz3 - yz.

Vector Identities—

These are some properties relating to various meaningful combinations of gradient,
divergence, curl and laplacian. These are established by taking a general scalar point

function or a vector point function.
VI-1 curl (grad¢) =0, or ¥ x {‘F:h) =

Proof: Letd be ascalar point function of x. v, z. grad ¢ =V§ —-_¢ Hay JT@_L
i j ok
d d d
curl (gead 0) = VX (V) = | 3 3 3
9% 9 99
Eix dy dz
: d (o0d) a _1} _7
- th&)k { % ]

Thus curl (grad ) = 0, for any scalar function ¢

VI-2 div (curl Ay =0.0or V- (VxA)=0

Proof : Let f= a1i+a2j+a3k beavectnrlz_mintfunctiunof X, Y, Z

k

aa daa
A g [0
dz dy oz

i

cur] f: V x E= —E}—
dx

&l ~

ﬂl H2 ﬂ3
Now div (cul A) =V - (VxA4)
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2

[z ni ¥ _ M) os, _82;12

T o dy Iz dxdy oz
On expanding we get,

2

azas _6‘2&2 . 32::] ) 82a3 +82ﬁ2 B d ”l'z

dxdy dxdz dydz dydx dzdx dzdy
Thus div (curd A} = 0, for any vector function A

0

V.I-3 curl I{mrlf} = grad [divﬁ}-—"?llﬁ Gr?x{?xﬂ_}} = v{?-?}—vzf

Proof: Let f = 1'+a2 j+a3=’: be a vector point function of x, ¥, z

i jk
' da, da
e T_(2 4 ¢ . |3 _ T
curl A =V x A= ax By % —E:[ay E.Iz]
y ﬂjt

Now curl (curl ?}:‘E’ % (vxﬁ}]

1 i k
= 9 Kl k)
dx di dz

we get

vi 2 2
Ef(aHI ﬂaz aﬂﬂ]_zi[azﬂ'l azﬂ_] ﬁ]

Adding and subtracting 3, j ——>
8 ax°

PR T Rl PR
B i O T A A
) ‘ar{ﬁ?*av*az)‘ {Q*Eﬁ“‘ J
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I R N | . :
*Eﬂx{dw A)i-V % ayi = grad (div ﬁh}}—?z'f
Thus  curl ( curl .?] = grad (div A) - V2 &

VI-4div (¢ &) = ¢ (div A) +grad¢ - & or V-(§4) = 6(V - A)+ Ve 7
—3 L
Proof : Let A = ay1+a,j+azk be avector point function of x, Y,z and ¢ be a
scalar point function of x, y, z
_}
¢A=¢(n1i+n2;'+ﬂak} =Z(¢ay)i

Now div [:p,?} - 7. {'Pf}

d . .
:[E a[] . E (¢ﬂ1}1

da
a o | o
=Ea‘~'¢“ﬂ=z[¢ ax+ax“1]
aﬁl

— . .
ie., div{¢&}=¢zg+2%¢:r-ﬂnlz

Thus  div (6 ') = ¢ (div A) +grad¢ - &

1?,1-5.cml {ﬁt E} = & {curl ﬁ}) +grad ¢ X f or
Vx(0A) =0 (VXA)+Vox A

Proof : Let ¢ and A= ayi+a,j+ask be respectively scalar and vector point
functions of x, ¥, 2

0 A= (a,) i+(0ay) j+(0ay) k

i1k
]
Now curl(tbf]:vx(q“q}: B_x'.:i; .
ldm.l ba, Qna
| 3
. =Ei{@{¢ﬂ3}~}£{¢ﬂg}}

E'a 'a'ﬂ a
o) (13 2a)]
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i j ok i ]k
22 o, | o %
=0 1oy az| T o ay oz
r?l ﬁ2 :?3 I'Tl ﬂ',_’ ’:3
1

o (VXA)+Vo XA
Thus curl (¢ A) = ¢ (curl A) +Vo X &
VI-6 div(AxB)=F - cul A= & - curl B or
V- (AxB)=F - (VxZ)-A-(VxB)

- . : b . .
Proof: Let A =q i+a,j+ak and B'= byi+b, j+ b,k be two vector point
functionsof x, vy, z

i j -k
AxB=|0 8 ay| =5 i(a,b,-ab,)
EI:|. bﬂ b3
Now div(AxB)=V-(AxE)

Jd . .
=[Ea :]- z i[azbsuna.bz]
=32 (aby-a,b
=235 (Rb=aby)
ob da, db da
3 2 2 3
=4%E*%E“%E'%E}
On expanding we get
db da db da ab di db da
a2—3+b S S S —t4bh = - g — b, —
dx 3 ax 3 ax  2ax Sy loy vy 3y

b, W o
+ EE-}*E&E—&ZE-E}IE

(-~ Z A B =ZAi-ZBji)
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i j ok i j ok
: 3 9 3 L |98 9 @

= (2 bi)- ﬂxﬂyﬁg - (Zai) dx dy oz
a, a, f hlbzbs

_}
_F.(VxA)-A-(VxB)
- =
Thus div (Ax B) =B cdA-A-cud B

If f: and IT‘; are irrotational, prove that Fi X r; is solenotdal.
>> I—T: and F; are irrotational by data.
» clF=0 ad cwdF=0 ()

We have to prove that div {T’; b F;] =0
We have the vector identit_i,? V.I-8),

div ( ) B-curl A-A - curl B (assumed)
S — —
div {F x FZJ =F, -curl F; - F; - curl F)
i, div {E’xfé):f;-ﬂ_}-ﬁ-ﬁ}a 0. by using (1)
div (F, x F}) =0 = F, x F, is solenoidal.
o Ifu F'= Vo, prove that F and curl F areat right angles.
>3 F= 1 Vo and we have to n];rcve that E- curl F'= 0 -

—
We shall first find curl F where F is of the form oA
Let us consider the vector identity (V.I-5)

Vx(8A)=6(VxA)+Vox A

vx[%ﬁ]:%{vx{w}hv[%]xw

The first term in the RHS of this equation is zero by a vector identity
curl (grad9) =0 (VI-1)

1 1
?x[;?v]:?[;)x'ﬁ'v ie., EUIIF—'}-_—'G'[%)X?V
Now I?‘-cur] F}=[%?ﬁ]-{?[l]x?ﬂ}
u

RH.S of this equation is a scalar triple product or the box product of three vectors,
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ie., F. curl F= |:;1- Vo, V [%], ‘Eu]

ie., ?curlF—l[?ﬂ ?[1) ?D]=ﬂ

—
Hence F- curl F= 0, since two vectors are identical in the box pmduc’t
Thus F

is perpendicular to curl F
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Reduction formula:

7l2
1. Reduction formula for jsin"x dx and J. sin” xdx, n is a positive integer.
0

| :jsin"x dx
Let
= J'sin“‘lx.sin xdx:Ju v dx(say)

We have the rule of integration by parts,
fuvdx=ufvdx—[fvdxu" dx

gn :sinn_lx(—cos X) —[(—cos x) (n—l)sinn_2 X.COs X dx

—_sinn—1 n-2

X.cos X+ (n—1)[sin x.008 2x dx

= —sin"Lx.cosx+ (n —1)jsinn _2x(1—sin2 X) dx

— sin" 1 x.cosx+(n—1)jsinn_2

1

x dx—(n-1) jsinn X dx

. el n-— _ _ _
ie., In_sm X.COS X + (N 1)In_2 (n 1)In
, . n-1

ie., In=[1+(n—1)]=—sm x.cosx+(n—1)|n

n-1

-2
-sin

. X.cosX n-1
o =jsmnxdx= + I
n n n n-2

This is the required reduction formula.

7l2
2. . Reduction formula for J-COSnX and j cos" x dx,
0

Where n is a positive integer.

I, = j cos"x dx
Let
= Icos"‘lx.cosxdx
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= cos" "L x.sin X—[sinx (n—l)cosn -2 X(=sin x) dx

n-1 n-2 2

=—C0S' ~X.cosx+(n-1)fcos”  “x.sin “x dx
—cos" Lxsinx+ (n —1)jcosn _zx(l—cosz X) dx

os" "L x.sin x+(n—1)jcosn_2x dx—(n-1) jcos” X dx

=C
I :cosn_lxsinx+(n—1)l -(n=-1)1
n ' n-2 n
: _ VTS BN o B B
ie., In_[1+(n D]=cos” " x.sinx+(n o,
n-1, .
) :jcosnxdx:cos Xsinx n 1I
n n n nh-2
l2
Next, let | = j cos" xdx
n 0
l2
n-1.,
. from(3), | _[cos x.smx] +n 1I
n n n h-2
0

But cos(z/2)=0=sin0.
n-1

ThUS In =T|n—2

7l2

1. Reduction formula for jSinmXCOSn xdx and I sin™ cos" X dX where m and n
0

are positive integers.
H 0 n
1,0 = [ sin"(cos" xdx)

= jsinm‘lx(sin X cos" x)dx = ju v dx (say)
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we have [uv dx=u[vdx—[[vdx.u’ dx
Here [udx=]sinxcos" dx
Put cosx=t ..—sinxdx=dt

n+l n+l
Hence Jv dx:j—t”dtz_ t— _ _cosTX
n+1 n+1

n+l

o coS —cosn+l e
Nowl, , =(smm ( ] '[ ’m—l)sm’“ ? X cos xdx
‘ n+1

) sin"*xcos"™x m-1
e, =— + jsmm 2 xcos"? xdx
n+1
sin™*xcos"™x m-1;. .,
—— + '[sm X.€0s" X.c0s? xdx
n+1
sin"“lxcos"”x m-1
__ jsmm 2 xcos" x(L—sin? x)dx
n+1 n+1
sin"txcos"™x m-1,. . m-1;¢ .
=— + J.smm 2 xc0os" xdx — ——|sin™ x cos" xdx
n+1 +1 n+1
| —sin"“lxcos””erm—lI m-1,
mn n+1 n+l ™A pgr ™
m-1 1 .
e,y [ 1+—— :—[—sm”‘1xcos”+lx+(m—1)lm_2n]
n+l| n+1 ’
m-1 1 .
| — =—[—sm”‘1xcos”+lx+(m—1)lm72n}
“In+l| n+1 '
. sin™* x cos™ x m—l
Imn:J‘smmxcosn xdx = — P @
’ m-+n m+n ‘
PROBLEMS:

1. Let 1 = Isin“xdx
f(x)= sin*xand 2a=7or a=7x/2
f (2a—x)=sin* (r—x) =sin* x=f(x) ie, f(2a—x)=f(x)

2a a
Thus by the property I f (x)dx :2'[ f (x)dx we have,
0

7l2

| =2 J'sin“xdx:z.

Nlw o

% %by reduction formula.

0
Thus 1=3x/8
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2. Let I = J'xsingxdx
0
We have the property j f (x)dx = j f (a—x)dx
0 0

| = j(;z— x)sin® (7 — x)dx =j (7 — X) sin® xdx
0 0
:7r‘fsin8 xdx—jxsin8 xdx
0 0
I :7rjsin8 xdx — 1
0

7l2
or 2l =x.2 I sin® xdx
0

Thus by reduction formula
= 3577
256

3. Let | = Ixsinzxcos“xdx
0

Ot=—y Oty

(7r — x)sin? (7 — x) cos” (r — x)dx, by a property.

(7r — x)sin® x cos*xdx

T T
= 7z_|.sin2 xcos“xdx—fxsin2 X cos*x dx
0 0

Vi
= 7z_"sin2 xcos*xdx — I
0

zl2
21 =7z.2.[ sin? x cos*x dx

0
| = n.m.g by reduction formula.
6x4x2 2

Thus I=72/32
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1

Euvalunte j 72 {(1-x ]IM‘E dx

1]
1

>> Let [ = 1-13”?{1—1}3;2‘;1
0

Put x = sin2 B, dx=25inB cos® dOand 0 varies from( to m/2.

Also  (1-%)"% = (cos?0)? = cos’
2
I = J-sinaﬂmﬁaﬂ-EsinﬂcnsﬂdEI
0=10
ni2

ie, 1=2]|sin*0cos*ode
0
1EMIGI)] =

Bxboxdwx? "2 by reduction formula.

Thus I = 3n/128

Hence I =2

Introduction:

Many problems in all branches of science and engineering when analysed for
putting in a mathematical form assumes the form of a differential equation.

An engineer or an applied mathematician will be mostly interested in obtaining a solution
for the associated equation without bothering much on the rigorous aspects. Accordingly
the study of differential equations at various levels is focused on the methods of solving
the equations.

Preliminaries:

Ordinary Differential Equation (O.D.E)

If y = f (x) is an unknown function, an equation which involves atleast one derivative of
y, w.r.t. x is called an ordinary differential equation which in future will be simply
referred to as Differential Equation (D.E).

The order of D.E is the order of the highest derivative present in the equation and the
degree of the D.E. is the degree of the highest order derivative after clearing the
fractional powers.

Finding y as a function of x explicitly [y = f (x)] or a relationship in x and y satisfying the
D.E. [f (x, y)=c] constitutes the solution of the D.E.
Observe the following equations along with their order and degree.
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dy
! ax 2 [order = 1, degree = 1]
dy) . ,dy
2 (&j +3&+ 2=0 [order = 1, degree = 2]

General solution and particular solution:

A solution of a D.E. is a relation between the dependent and independent

variables satisfying the given equation identically.
The general solution will involve arbitrary constants equal to the order of the D.E.

If the arbitrary constants present in the solution are evaluated by using a set of given
conditions then the solution so obtained is called a particular solution. In many physical
problems these conditions can be formulated from the problem itself.

Note : Basic integration and integration methods are essential prerequisites for this
chapter.

Solution of differential equations of first order and first degree

Recollecting the definition of the order and the degree of a D.E., a first order and
first degree equation will be the form

j_y = £(x,y) or M(x,y)dx+N(x,y)dy=0
X

We discuss mainly classified four types of differential equations of first order and first
degree. They as are as follows:

e  Variables separable equations
e  Homogenous equations

. Exact equations

) Linear equations

Variables separable Equations:

If the given D.E. can be put in the form such that the coefficient of dx is a
function of the variable x only and the coefficient of dy is a function of y only then the
given equation is said to be in the separable form.

The modified form of such an equation will be,
P(x) dx+Q(y)dy=0
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This is the general solution of the equation.
dy

— oV X
Example 1: Solve dx Xe given that y(0)=0
d 2 d 2
D oxe or Doxele
Soln: gx dx

put-x> =t ... —2xdx = dt or —xdx = dt

Hence we have, —e_y +jet dt=c

e % = xe X dx by separating theVariables

= Je‘ydy—jxe‘xzdx =0
ie —e”’ —Ixe‘xzdx =C

The general solution becomes

et
ie. —e’+—=c¢
2

or

—e Y =c is the general solution.

Now we consider y(0) =0 That is y=0 when x=0,

1—1=corc :—1
2

Now the general solution becomes

2
e, 1

2 2
This is the required solution.
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Example -2 solve:xy% =1+ X+y+Xy
X

[ xyﬂ:1+x+ Y+ Xy
dx

e, xyd—y:(l+x)+y(1+x)
dx

ie., xyﬂ:(1+x)(1+y)
dx

ydy _1+x dx by separating the variables.
1+y X

= [ ] e

J‘(1+ y) 1

Dy [ o=

ie., Ildy—jmdy—logx—x:c

ie y—logy—-logx—x=c

or (y—x)—log yx =c istherequired solution

Solve : y—x ﬂ_y +ﬂ

Example -4 : dx dx
>> Rearranging the given equation we have,
o dy
-y =—(x+1
y-y'= (x+1)
or J- dx I dy
X+1 (y y )
ie log(x+1) :.[ dy ————————— @
y(1

We have to employ the method of partial fractions for the second term of the above.
1 A B
=— 4 —
y(l-y) y y-1
=1=A(y-1)+By

Let

Put y=0,1 A=-1and B=1
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Ly gy pdy
R ETre R I ey

J y(ijz y) =09y log(t-y)=log (1_yy)

Using this result in (1) we get,
log(x+1)+log (ﬂj =c
y

or log {W} — logk

- (x+1)(1-y)=ky istherequired solution.

Example -5 :

Solve:

dy _
dx

1 The given equation on expanding terms in the R.H.S. becomes

d oo N
tan yd—y = COSXCOS Yy —SIn XSINn'y+COS XCOS Yy +SIn XSin'y
X

tany cos(X +y) +cos(x—Y)

ie., tan yd—y =2C0S XCOS Y
dx

or :)ﬂ dy =2cos xdx by separating the variables.*
Sy

:>Itany. sec ydy—f2cosxdx:c

.sec'y —2sin x = cis the required solution.

Exact Differential Equations:

The differential equation M(x , y) dx + N(x , y)dy=0 to be an exact equation is
oM N
oy ox
Further the solution of the exact equation is given by
[Mdx+[N(y)dy=c
Where, in the first term we integrate M(x,y) w.r.t x keeping y fixed and N(y) indicate the

terms in N with out x
(not containing x)

1. Solve: (5x* +3x7y? —2xy* )dx+(2x°y —3x’y? =5y )dy =0
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(Though it is evident that the equation is a homogeneous one, before solving by putting
y=vx we should check for exactness)

[ LetM =5x*+3x?y? —2xy?and N =2x®y —3x?y? —5y*

M _ 6x°y —6xy*and N _ 6Xx°y —6xy?
oy oX

Since M = N , the given equation is exact.
oy OX

The solutionis [M dx+[ N (y)dy =c
ie., J-(Sx4 +3x%y? — 2xy3)dx+.[—5y4dy =C

Thus x° + x*y? —x®y® — y® =, is the required solution.

2. Solve: [cosxtan y+cos(x+y)]dx-+[ sin xsec y+cos(x+y) |dy =0

[ LetM =cosxtany+cos(x+Y):N =sin xsec’ y + cos(x + y)
20 e . ON 2 e
. —— =CO0SXSec” y—sin(x+y); — =cos xsec” y—sin(x+Yy)
oy OX

Since ™M = N , the given equation isexact.
oy oX

The solution is [M dx+| N (y)dy =c

ie., I[cosxtan Y +COS(X + y)]dx+_[0 dy=c

Thus sin xtan y +sin(x+ y) = c, is the required solution.
dy+ YyCOSX+SIiNy+y 0

3. Solve: —+=
dx sinX+XCoSYy+ X

>> The given equation is put in the form,
(ycosx+siny+y)dx+(sinx+xcosy+x)dy =0.

Let M =ycosx+siny+y and N =sinX+ XCoSy + X

oM oN
Ezcosx+cosy+1and — =C0SX+cosy+1
X

Since — = @, the given equation is exact.
oy oX

The solution is [M dx+[N (y)dy=c

ie., J'(ycosx+sin y+ y)dx+_|.0dy: c

Thus ysin x+ xsin y + Xy =c, is the required solution.
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4. Solve: ye™dx+(xe” + 2y)dy =0
0 Let M =ye”, N =xe” +2y

M _ yex"x+exy;a—N =xeVy+e”
oy OX
Since ™M = a—N the equation is exact.
oy ox

solution is given by [M dx+[ N (y)dy =c
ie., Jyexydx+I2ydy:c
Xy

ie., y—+y’=c
y

Thuse” +y* =c¢, is the required solution.
5. Solve: [y(1+1/x)+cosy]dx+[x+logx—xsiny]dy =0
0 Let M =y(+1/x)+cosy and N =x+logx—xsiny

%:Hl/x—siny and %—N:1+1/x—siny
X

Since ™M = ﬁ the given equation is exact.
oy OX

The solution is [M dx+[ N (y)dy =c
ie., j[y(1+1/x)+cos y]dx+jo dy=c

Thus y(x +log x) + xcos y = c, is the required solution.

Equations reducible to the exact form:

Integrating factor: Type-1:

Suppose that, for the equation M dx + N dy =0
oM ON

—— # —, then we take their difference.
oy oX
: oM  ON .
The difference —— ™~ should be close to the expression of M or N.
X
If itis so, then we compute L oM_ N or fM_N
ML oy o N{ oy o
1({ oM ©ON 1( oM ©ON
If —| —- —|=f(x) or =| ——- — |=
Nf 5 ax] x) M( 5 6Xj 9(y)
Then & "% or ¢ 9% is an integrating factor.
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The following basic results will be useful :
0 eIog Xy (ii)en logx _ N

1. Solve: (4xy+3y2—x)dx+x(x+2y)dy=0
0 LetM =4xy+3y*—x and N =x(x+2y)=x"+2xy
%: 4x+6Yy and 88—N = 2x+2y. (The equation is not exact)
X

Consider M _ m:2x+4y:2(x+2y)....c|ose to N.
oy  Ox

Now - (GM 6N]_2(x+2y)_g
X

N

oy  OX
[ f(x)dx

~ f(x)

X(x+2y)

Hence e IS an integrating factor.

jfgdx 2
je. o FOOAX_ 70 %™ _2logx _ (log(x%) _ 2

e
Multiplying the given equation by x> we now have,
M =4x’y +3x*y*—x* and N =x*+2x%y
M _ 4x® +6x%y and N _ 4% +6x%y

oy OX
Solution of the exact equation is jM dx +j N(y)dy=c

ie., j(4x3y+3x2y2 —x° )dx+j0dy =c
4
Thus x*y + xy? —X? =, is the required solution.

2. Solve: y(2x-y+1)dx+x(3x-4y+3)dy=0
[0 LetM =y(2x-y+1)and N =x(3x-4y+3)
ie, M =2xy—y’+y and N =3x"—4xy+3x

m=2x—2y+1, ﬁ:6x—4y+3
oy OX

—— —=—4X+2y-2=-2(2x-y+1)...near to M.

1 (oM ON -2(2x-y+1 2
Now — | — — =~ =w=__:g(y)
M\ oy OX y(2x—-y+1) y
2
[—dy

Hencel.F = e 19y _ gy~ _2logy :e|0g(y2) _ 2
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Multiplying the given equation by y? we now have,
M =2xy’ —y*+y® and N =3x*y*—4xy® +3xy’
M _ 6xy* —4y® +3y® and N _ 6xy? —4y® +3y?
oy OX
The Solution is IM dx+J'N(y)dy:c
ie., j(2xy3 vy )dx+j0dy:c

Thus x*y® —xy* + xy® =c, is the required solution.

Integrating Factor: Type-2:

If the given equation M dx +N dy=0 is of the form
yf (xy) dx+xg(xy)dy=0
then

is an integrating factor provided Mx— Ny =0
Mx — Ny

1. Solve: y(1+ xy+x2y2)dx+x(l—xy+x2y2)dy =0

>> The equation is of the form yf(xy)dx+xg(xy)dy=0 where,

M =yf(xy)=y+ xy2 +x2y3 and

N = xg(xy) = x—x2y+x3y2

Now Mx— Ny = (xy+ x2y2 + x3y3)—(xy— x2y2 + x3y3) = 2x2y2
1 1 .
" = is the I.F.
Mx—Ny 42,2
Multiplying the given equation with 1/ 2x°y? it becomes an exact equation where we now have,
M = L +i+i and N :L—iJrf
2x%y  2x 2 2xy2 2y 2

The solution is given by I M dx+I N(y)dy=c

. 1 1 vy 1
ie., +—+= |dx+|-——dy=c
J.[szy 2x 2] -[ 2y

. 1 1 xy 1
ie., —+=logx+——-=logy=c
2Xxy 2 2

2

2. Solve: Y(xy+2x%y?)dx+x(xy—x*y*)dy =0
>> The equation is of the form yf(xy)dx+xg(xy)dy=0 where,

DEPT OF MATHS, SJBIT Page 118



ENGINEERING MATHEMATICS-I 15MAT11

3

M = xy2 + 2x2y and

N = x2y—x3y2

Now Mx—Ny = x2y2 + 2x3y3 — x2y2 + x?’y3 = 3x3y3
Thus 1/3x%y? is the I.F. Multiplying the given equation by this I.F we have an exact equation
where we now have,
M = 5 +i and Nziz—i
3x‘y X 3xys 3y
The solution is IM dx+IN(y)dy =C

ie., j[ ! +£de+j—%dy=c

ie —i+glogx—llogy—c
" 3xy 3 3

Integrating factor: Type-3:

If the given equation Mdx+Ndy =0 is of the form

X4y (¢, ydx +c,x dy) + X y* (c,ydx + ¢, x dy) = 0

Where k. and ¢, (i=1 to 4) are constants then x*y® is an integrating factor. The constants a and

b are determined such that the condition for an exact equation is satisfied.

1. Solve: x(4y dx+2x dy)+ y3 (3y dx+5x dy) =0
>> We have (4xy+3y4)dx+ (2x2 +5xy3)dy =0
Multiplying the equation by x*y® we have,

= 4(b+)=2(a+2)and 3(b+4) =5(a+1)
ie., a=2b and 5a-3b=7

By solving we get a=2and b=1
We now have, M = 4x3 y2 +3x2y5 and N =2x% y+5x3y4

The solution is J'de+jN(y)dy:c
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M =4xa+1yb+1+3xayb+4 nd

a+2.b a+l b+3

N =2x y~ +5X y

M _ ao+1)x@+1 0 1 304 a)xyD+3

Z—N —2(a+2)x@T1yP L 5@ nx@yP+3
X

We have to find a and b such that @ = @
oy OX

ie., j( 3y2+3x2y5)dx+jo dy=c

Thus x* y2 +3x2y5-c, is the required solution.

2. Solve: (y2 + 2x2y)dx+ (2x3 —xy)dy=0

>>Multiplying the given equation by x*y® we have,

M = x@ yb+2+2xa+2yb+l and

N = 2x@+3 yb_Xa+1yb+1

M _ b+2)x@ yP+1i o +1)x@+2b

N —2(a+3)x3T2yP _(apxdyP+l

oM ON

Let us find a and b such that — = 8_
X

= (b+2)=—(a+1)and 2(b+1) =2(a+3)
ie., a+b=-3 and a-b=-2

By solving we get a = -5/2 and b=-1/2.

M =x5/2 312 5, ~112,1/2

We now have,
N = 2Xl/ 2 y—l/2 _X—3/ 2y1/2

The solution is jde+I N(y)dy=c

and
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I(X_S/Z y3/2+2)(—1/2y1/2)d)“r [0 dy=c

-3/2 1/2
X812, X

-3/2 1/2
ie. %2x—3/2y3/2+4X1/2y1/2 e

1/2 _,

Thus 6@— y3 /%3 = k, is the required solution, where k=3c/2
pe-4 Exactness by inspection:

1. Solve : [1+ ytan(xy)]dx+[xtan(xy)]dy =0
>> The given equation can be put in the form
dx+tan (xy) [y dx+xdy] =0

ie.,, dx+tan(xy)d(xy)=0

Integrating we get, X+ logsec(xy) =c, being the required solution.

dx—xd
2. Solve: %+(de+ ydy)=0

>> The given equation is equivalent to the form,

d(ij+xdx+ydy:0
y

2 2

X . .
= —+—+y7= C,0n Integration.

y 2

Thus 5+%(x2 + y2) =, is the required solution.
y

Orthogonal trajectories

Definition: If two family of curves are such that every member of one family intersect

every member of the other family at right angles then they are said to be

orthogonal trajectories each other
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Method of finding the orthogonal trajectories
Case - (i) Cartesian family f(x, y, ¢) =0
We differentiate w.r.t v and eliminate (he parameter ¢. The equation so obtained is

called as the differential equation of the given family,

q
We know that if tanwy = E::r is the slope of a given line then the slope of the line

=L dx . : : > .
perpendicular to itis —— = — == Accordingly in the differentiai equation of the
tarL yr alf
d Ix : .
given family we shall replace ﬁ by - ;?]; to arrive at a new differential equation.

Solving this new differential equation we get the orthogonal trajeclories of the given
family of curves.

Self orthogonal family : If the differential equation of the given family remains
) :

unaltered after replacing % by —j—;: then the given family of curves is said to be

self orthogonal, ‘

Case - (i1) : Polar family f(r, 8, ¢) = 0

dt)
We know that tan¢ = ¢ i for a polar curve where ¢ is the angle between the radius

vector and the tangent. ¢,—¢, = 90 is the condition for two polar curves to be
erthogonal.

9, = 90"+ = ian P, = ta.1{90“+¢|)

. -1
ie., tanp, = —cote, or tang, = ———
- - n¢|
b , d0 | .
But tan#d, = r - for the given curve and tan ¢, = » o for the orthogonal curve
i i iar
at the same poini. T -
Jd8 . -1
r—— forthe curve to be replaced by ——
dr B ab
y v
ar
i) dr
it.. -~ tobereplaced by — 0F vice - versa.
{ ar e Dy 8 er

In otherwords, we have to differentiate f(r, 8, ¢} = U w.r.t 0 and eliminate ¢ to

., ir A0
obtain the D.E of the given family. We have to replace ;—;J by -1 o o obtain the new
- i ) awr

D.E and solve the same to obtain the required orthogonal trajeciories.
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1 Find the O.T of the family of parabolas y'2 = 4ax
>> Consider - = 44 1
. A1)
(f Ihlp parameter is on one side of the equation exclusivel y, then the same gets eliminated once
we differentiate) )

Now differentiating (1) w.r.t ¥ we have

vy W2y
__f'_'_=0 or 2x dy 0"
1.2 Xl e -y =
ie., g_fﬂrﬁ _

gy ¥ = U, isthe D.E of the given family.

Replacing &y by

dx dy e have,

e
1‘[‘[ d_,fJ y=10 or ll‘{‘h‘-[-llfdyzu
= _[l‘rrh-Jr _{!,de=c

ic. f+-‘:§ e or WHf=X=k (=)

Thus 2x°+3y = k, is the required OT.

23
o Find the O.T of the family uj nstmm‘s 2P 4y

ﬁll,-a
>> Consider ¥ . +_1r

Differentiating w.r.t x, we have

F S -Ixa_,i
as +3~*’

' ~173 -3 dy - (. isthe D.E of the given family.
ie., X +y ol g

dy dx

Replacing — |y dy we have,

173,173 ( e, v V3dy =y Vdx

1,r J
A
it ' dy = +/* dx by separating the variables.
ll;n L]

— jy]fa{f].l"-j-lj JI:-F].'=I'_

472 473 4c
ie., e E— ¢ or x‘!ﬂ—yua = —— =1l (say)

(473  (473) 3

Thus 2743 = k is the required O.T.
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3) Find the orthogonal trajectories of the family of curves
2 2

X y 1 1 -
—+—-2—=1 ('A' being the parameter). July 2015
gL gthep ) (July 2015)
x2 y2
Soln: wehave—+—2—=1.......... 1
a? b’+1 (1)

Differentiating the (1) equation we get,
2X N 2y dy 0

a® b2+ dx
i X -y dy
e — —
a® b*+A dx @)
2 _yz
Also from(L —-1=
@ a’ b*+ 1
X2 — a2 _yz
= 3
S b?+ A ®)
Now, dividing (2) by(3) we get
X __y.dy
x*—a* y* dx
X 1 dy
T2y dx
Now letus replace dy by_—O|X
dx dy
Lox 1 &
Ux?-a® oy | dy
x*—a’ . .
or ydy=- dx by separating the variables

:J.ydy:—J.xdx+a2J.d—;(+c

2 2
. —X . . . .
e y7 =——+a’log x +c isthe required orthogonal trajectories

4) Find the orthogonal trajectory of the cardiods r =a(1—cos@), using the

differential equation method . (
Jan 2015 ,Jan2014)
Soln:
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Differentiating the given equation w.r.t 6,we getg—g = asin @.Substituting for a in the given equation,we get

r= [1__C059j£ ......... DE of given equation
sin@

Changing ario-r2 99 _ (1—_cosej[_r2 d—ej
dé sin@ dr

% + (cos ecd —cot 0) dé=0....... DE of orthogonal trajectories

solving this equation,we get
log r +log (cosecd —cot &) —logsin & = log c
(cosecd —cot 6) (1-cos0)
- =C=r = C
siné@ sin“ @4
r= c(1+ oS 0), this is requried orthogonal trajectories.

r
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MODULE V

LINEAR ALGEBRA

CONTENTS:

o Elementary transformation....c.cceeeeeeeeeecieereierecnreeecenncanans 127
e Reduction of the given matrix to echelon and normal forms.....128
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Definition: A system of mn nos. arranged in a rectangular formation along m-rows &
n-columns & bounded by the brackets [ Jor ( )is called as m by n matrix or mxn matrix
Matrix is denoted by a single capital letters A,B,C etc.

Qyy Ay,
A=|a, a,.... a,,
Qg Ay el |

Elementary operations on Matrices:

The following 3 operations are said to be elementary operations
1. Interchange of any two rows or columns.

2. Multiplication of each element of a row or column by a non-Zero scalar or constant.
3. Addition of a scalar multiple of one row or column to anpother row or column.

Ry —kR, +R,
a a, & a a, &
A:bibzbs B:bibzbs
C, C, G (ka, +¢;) (ka, +c,) (ka; +¢,)

If a matrix A gets transferred into another matrix B by any of these transformations then
A is said to be equivalent to B written as Al B.
Echelon form or Row reduced Echelon form.
A matrix A of order mxn is said to be in a row reduced echelon form if
1. The leading element (the first non-Zero entry) of each row is unity.
2. All the entries below this leading entry is Zero.
3. The no of Zeros appearing before the leading entry in each row is greater than that
appears in its previous row.
4. The Zero rows must appear below the non-zero rows.

12 3 2 123 2|1 4 2
A=|00 1 2 01 2 9|0 1 0
0 001 0 00 O0j|0O OO
Normal form of a matrix
The given matrix A is reduced to an echelon form first by applying a series of elementary
row transformations.

Later column transformations row performed to reduce the matrix to one of the
following four forms, called the normal form of A.

: . o Ir ] . |Ir o
i)Ir II)[II’,O] III)‘:E} IV)L O}Where Ir is the identity matrix of orderr.
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10({(1 00 O
1000

01/]{01 0 O
01 0 O

0 0j|0 01 O
0010

0 0j]|0O OO O

BRI

Rank of a matrix: The number of non-zero rows in echelon or normal form. It’s in

denoted by f(A)
1. Reduce the matrix to the row reduced echelon form

1 2 -2 3]
0 0O 1 2

A=
-1 -3 2 -1
12 4 -1 3|

Sol:R, »R,-2R,, R,—»>R;+R, R,—>R,-2R
1 2 -2 3] 1 2 -2 3
0 1 8 1 0 1 8 1

A: A:
0O -1 0 2 0 0 8 3
0 0 3 -3] 0 0 3 -3

R,—>R,/8 R, >R, R,>R-R,
3

2
1
0 1
0
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1-31 2
2)|0 1 2 3 | find rank of a matrix
3 4 1-2
Sol:R, > R,-3R,, R,—>R,-13R,
1-3 1 2 1 -3 1 2
A=|0 1 2 3| A=0 1 2 3
0 13-2 -8 0 0 -28-34
p(A)=3
8 216
3)(2 1 0 1] findtherank
511 4
Sol: R, »4R,-R,, R, —>8R,-3R, R,»R,+R,
8 2 1 6 8 2 1 6
A:O 2 -1 -2 A:O 2 -1 -2
0O -6 5 6 0O 0 2 0
0o -2 3 2 O 0 -2 0
R,»R,+R;
8 2 1 6
A:O 2 -1 -2
0 O 2 0
o 0 0 O
p(A)=3
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1 3 -2
4) Using the elementary transformation reduce the matrix A={2 -1 4 to
1 -11 14

echelon form
Sol:R, > R,-2R, R,—>R,—-R

1 3 -2 1 3 -2
SA=|2 -1 4 =0 -7 8
1 -11 14 0 -14 16

R
R, >R, ~2R, R,— "/

1 2 -2 1 2 -2
-lo -7 8 A= |0 1 —%
0 0 0 0 0 0

5) Applying elementary transformations reduce the following matrix to the normal form &

3 25 7 12
hence find rank of matrixgiven |1 1 2 3 5
13 3 6 9 15
Sol:R &R,
3 25712 | 11235
A=|1 1 2 3 5 =3 2 5 7 12
3 3691 | |3 36915
R, >R,-3R, R,—>R,-3R
1 1 2 35
A=|0-1-1-2 -3
0 0 0 0 O

This echelon form, now we have to perform column trans to reduce to the normal form.
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c,>¢c,—-¢c, C,—>C—-2¢ C,—>C,—3C, C.—>C,—5C

1 0 0 00
A=/0-1-1-2-3
0 0 0 0 0 |
c;—~>¢-C, ¢,—>C,—2C, C;—>C,—3C,
1 0000 ]*™ 1 00 00
A=|0-1 0 0 O A=/0 1 0 0 O
0 0 0 0 0 | 0 0 0 0O

I, 0 B
AD{O 0} o(A) =2

6) By performing elementary row & column transformations, reduce the following matrix to
2-4 3 10

0 -2 1-42

the normal form

0 1-1 31
4 -7 4 -4 5

Sol: R, &R,
243 10 1-2 1-4 2
0 -2 1-42 2 -4 312
o 1-1 31| Jo 1-1 31
4-7 4-4 5 4-7 4-4 5

1-21 -4 2 1-2 1-4 2
A:OOl 9-4 :21—131

0 1-1 3 1 00 109-4

0 1 012 -3 0 1 012-3
c,—>¢C,+2¢, ¢C;—>C,—C C,—>C,+4c, C,—>C,—2C
10 00O
0 1-131
0 0 19-4
00 00 O
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¢c,—»¢+c¢,, ¢, —>¢c,-3¢,, ¢ —>C-C, c,—C,—9c ¢, —>C —4c

10 0 0O 10 000

01 001 01 000

00 19-4 | (00 100

0 0 00 O 0 00O00O0

A{ls o}

0 0

p(A)=3

1 116
7) Reducing the matrix A = ;_i i : intonormal formand find the rank

2-2 37

R, >R,-R, R,>R,-3R R, >R,-2R
1 11671 116
1-125 | |[1-21-1
(3118 | |0-2-2-10
2237 | |0-41-5

R, >R,-R,, R,—>R,-2R, R3—>_?1R3
1 11 6 1 11 6
j1-21-1||1-21-1
10 0-3 -9 |0 0 1 3
0 0-1 -3 0 0-1 -3
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R,>-R, ¢ —>2c,+2c, ¢, >2c,—c,

00 O
2 -11
13

0
0 0 O

1000

j021-1
10013

0 00O

C;—> 5 ¢, = ¢, —3C,

1000
010 O
0010
0 00O

I, O B
:=L) O} p(A) =3.

8) Find the rank of the matrix

Sol:R, > R, -2R,,
1

2
A=

2-2 3
5-4 6
-1-3 2-2
2 4-1 6
R, >R,—-R,, Ry«

1 2-237 [1
0100/ |0
o 001 |o
0 030 |0

c,>C,—2C, C,—
1000
0100
0010
0001

[N

2-2 3
5-4 6
-1-3 2-2
4-1 6

N

R, >R,—R R, >R,-2R

1 2-2 3
0100
“lo-10 1
0030
R, &=%&
2-23
100
010
001

c,—2¢, ¢,—>¢C,—3c

p(A)=4
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9) Find the rank of the matrix by reducing to the normal form

1 111
1 23-4
2 35 -5
1) 3-4-5 8
Sol:R,—>R,-R, R,>R,—2R R, >R,-3R
» [t 1117t 111
Al 23-4| |0 12-5
2 35-5| (0 13-7
3-4-5 8| |[0-7-8 5
R, >R,-R,, R, >R,-7R, R, >R,-6R,
1 111 1111
A |01 2-5] |01 2-5
0 01-2 0 01-2
0 06 -30] [0 00 -18

¢, >C,—-C, € —>C—-C C,—>C,—C C,—>C,—2C, C, >C,—5C,
1000 1000

012 -5| (0100

001-2|l0o01-2

000 -18| [0 00 -18

1
c,—>C,—2¢; C, —>Ec4

1000 1000
0120 0100
0010 | 0010
000 -18 |0001

p(A)=4.
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1111

10) Find the value of K such that the following matrix A=|1 2 4 k | may have rank equal
1 4 10k?

toa)3 b)2.

5 SR, >R-R  R>R+R,

1111 1111
A=12 4k |= 013(k—1)
1410k | |o39(k-1)
R, > R, +3R,
1111
013 (k-1)
0 0 0k*>-3k+2
a) Rank of A can be 3 if the equivalent form of A has 3 non-Zero rows.

This is possible if (k* -3k +2)#0
ie, (k-1)(k—-2)=0
p(A)=3 if k#1& k=2
4) b) Rank of A can be 2 if the equivalent form of A has 2 non-zero rows.

This is possible if (k* -3k +2)=0
ie, (k—-D(k-2)=0=k=1or k-2
5 (A)=2 if k=1& k=2

5)

IO WA a, b
[A:B]=|a,a,....... a,, :b,
: OE- N a,, :b,

The given sys of equation is consistent & will have unique soln.
Let us convert [A: B] into a set of equation as follows

X+y+z2=6

2y+z=7 -2y+3=-1 X+y+z=6
-3z=-9 -2y=-4 X=6-2-3=1
= z=3 y=2 x=1

x=1, y=2, z=3is the unique soln.
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7) Solve the system of equations: x+2y=3z=0

2x+3y+z=0
4x+5y+4z=0
X+y-2z=0
1 23:0
2 31:0
Sol :[A:B]= 45 4.0
1 1-2:0

R, >R,-2R, R,>R,-4R R,>R,-R R,»>R,-3R, R, >R,-R,

1 2 3:0 1 2 3:0

0-1-5:0 0-1-5:0
0 -3 -8:0 0 0 7:0
0 -1 -5:0 0 0 0:0

p[A:B]=3=n=3
Hence the system is consistent & will have trivial soln x=0 y=0 z=0

8) Does the following system of homogenous equations possess a non-trivial
solutions? If so find them
X, +X, =X +X,=0
X, =X, +2%+X%X, =0
3% +X,+X%,=0
11-11:0
[A:B]=|1-1 2-1:0
310 1:0
R, >R,—-R R, > R,—3R, R,—R,
11-11:0 11-11:0
={0-2 3-2:0|=/0-2 3-2:0
0-2 3-2:0| (0 0 0 0:0

Gauss elimination method:

The simplest method of solving systems of the form (1) of section 5.2 is the
elimination method.
The Working Rule for the method is as given below.
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Working rule:

Stepl: Reduce the augmented matrix (A:B) to the form where A is in echelon form or in

upper triangular form, by employing appropriate elementary row operations.

Step2: Write the linear equations associated with the reduce form obtained in Step 1. Let
the number of equations in this reduced system be equal to r, If r=n, then the reduced
system yields the unique solution the given system. If r<n, then n-r unknowns in the
reduce system can be chosen arbitrarily and the reduced system yields infinitely many
solutions of the given system.

. : Solve the following system of linear equations by the Gauss elimination method
X +X, +X;, =4

2% +X, =X, =1
X, =X, +2X;, =2
121
Sol: For the given system, the coefficient matrix is A={2 1-1
1-1 2
11 1:4
And the augmented matrix is [A:B]=|2 1-1:1
1-1 2:2

We reduce this matrix[A: B]to the upper triangular form by using elementary operations
Using the row operation R, - R, —2R, and R, - R, — R ,We get

1 1 1:4 ]
[A:B]0|0-1-3:-7
10-2 1:-2|
Now, Using the row operation R, - R, -2 R, in this, we get
1 1 1: 4]
[A:B]U|0-1-3:-7
0 0 7:12]

We note that A is now reduced to the upper triangular form. The linear equations which
correspond to this reduced form of [A: B] are
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X +X, +X; =4

—X, =3X; =—7

7%, =12

From equation (iii), wew find that x,=12/7.
36 13

X2 :7—3)(3:7—7:7

Substituting for x,and x, found above in (i), we get

Thus, x,=3/7,x,=13/7, x,=12/7 constitute the solutionof the given system.

Solve the following system of equations by Gauss’s elimination method:
4% +X, + X, =4
X, +4xX,-2%, =4
3%, +2X,—4X, =6
41 1:4
Sol: The augmented matrix is [A:B]=|1 4 -2:4
32-4:6
4 1 1 4
[A:B]D 015/4 -9/4:3
0-10 2 :-6
UsigR, » R,-(1/4)R,,R, »> R, -3R,
(4 1 1:4
[A:B]D 0 5-3:4
0-5 1:-3
UsingR, »> (4/3)R,,R, —> (1/2)R,
41 1:4
[A:B]D 0 5-3:4
00-2:1
UsingR, »> R;-R,,

We note that A is now reduced to the upper triangular form. The equations that
correspond to (i) are
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A% +X, +X; =4
5x, 3%, =4
—2X; =1.
These yield.
1 1 1 1
X =—§, X, :§(4+3X3):§’ X, =Z(4—x2 —X;) =1.

Thus, x,=1,x,=1/2, X,=-1/2 constitute the solution of the given system.

3._Solve the following system of equations by Gauss’s elimination method:
X+2y+2y=1

2X+y+2=2
3X+2y+2z2=3
X+2=0

Sol: The augmented matrix is [A: B] = 32923

12 2:1
211:2
011:0

[A:B]0

|—\.|>oom

1
:0
:0
:0

OOOH
I—\.pc_,ol\J

UsingR, > R,-2R,;,R;, > R;-3R,
1 22:1
0110
[A:B]0 _
011:0
011:0
Using R, —» (-1/3)R,,R; — (-1/4)R,
122:1
0110
00 0:0
000:0
UsigR;, - R;-R,,R, > R, —R,,

[A:B]0

We note that A is now reduced to the echelon form. The system correspond to (i) is
X+2y=2z=1
y+z=0
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These are two equations for three unknowns. Therefore, we can choose one of the un-
known arbitrarily. Taking z=k, we get y=-k and x=1

Thus x=1,y=-k, z=k, Where k is arbitrary, is a solution of the given system.

5) Solve the following system of equations by Gauss’s elimination method:
OX +X, +X;+X, =4
X+ 17X, + X+ X, =12
X, +X, +6X;+X, =-5
X, + X, + X, + X, =—6
Sol : Consider augmented matrix[A:B]by R, <> R,
111 4 : -6

[A:B]= 2

A
|
o

|
oo o r P aekr ek,
Py
w

R, >R,

[A:B]=

4 -4 -19 : 34

R,—R,

+
N
<O

[A:B]=

o O o B+

R, —5R, + 4R,

[A:B]=

o O b+
N

1 00 -117 : 234
Hence we have X, + X, + X, +4X, =—6
2X, —X, =6
5%, —3%, =1
-117x, =234
SoX, =—2,% =-1,x,=2 and x, =1isthereqd.solIn.
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Gauss -Jordan method:

This method can be regarded as the modification of Gauss — elimination method.
This method aims in reducing the coefficient matrix A to a diagonal matrix.

1)  Applying Gauss Jordan method solve 2x+3y—z=5,4x+4y—-32=3,2x-3y+22=2

2 3 -1 :5
Soln: [A: B]: 4 4 -3: 3
2 -3 2 : 2

R, >R,—2R,R, > R,~R
2 3 -1 : 5 2 3 -1
[A:B]=|0 -2 -1: -7|0j0 2 1. 7
0 6 3 . -3 0O 2 1. -1
R - 2R -3R,,R, > R, +R,

4 0 -5 : -11 4 0 -5 -11
[A:B]=0 2 1 7 |[0]j]0 2 1 7
0.0 2: 6 0 0 1 3
R,—» R +5R;,R, > R,—R,
4 0 0 : 4
[A:B]: 0 2 0: 4
100 2: 6
Hence 4x=4,2y=4,22=6
sx=1y=2,2=3

2 Apply Gauss - Jordan method to solve the system of equations
X +5y+7z = 52
ty-z =10
X+y+z =19
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>> Asitis convenient to have the leading coefficient as 1 we shall interchange the first

and third equations. The augmented matrix will be

11 1: 9
[A:B]={21-1: 0
25 7:52
R2—>—2R1+F.2, RS—}—2R1+R
IiEERE g
[A:B]~|0 -1 =3 : —18
| JH R 34
RI—;R2+HI, Rs"’:"’Rz*Ra
"1 0 -2 : —9-
[A:B]~]0 -1 -3 : -18
0 0-=4:-29
-1/4-R,
i iy s i
JEARIE -1 -3 : -18
0 1 5
Rl—;2R3+R1 R1—13R3+R2
T Ty
[z B = =g
Di=0-1= 5J

-Hence we have x
Thus x=1, y

Iterative methods of solution of a system of algebraic equations

1, -y=-3
3

» 2 =15 is the required solution.

s 2=

In this article we discuss two numerical iterative methods for solving a system of

algebraic equations.

These two methods cannot be applied to any system of equations. It is applicable only
when the numerically large coefficients are along the leading / principal diagonal of
the coefficient matrix A associated with the system of equations usually represented
in the form AX = B.Such a system is called a diagonally dominant system.
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The methods are illustrated for the following system of three independent equations
in three unknowns.

a .1'1+£I X, +d

11 2% t A =h

Ay X + gy Xy + lgq Xy = b,y
Ay Xp + gy Xy + Az Xy = by

This system of equations is said to be diagonally dominant if

|ﬁui > |‘I12| + |'ﬁ131: Iﬂul > [azll t |ﬂ,23|, |H33| > 1“31| + |ﬂ32|

Sometimes we may have to rearrange the given system of equations to meet this
requirement. If this condition is satisfied, the solution exists as the iteration process will
converge.

Gauss - Seidel iterative method

We write the system of equations in the form

1 . _

X = ”—1; by =@y, X, —013%, .. (1)
1 . i

Xy = by =@y X) —f3 Xy . (2)
2L 4
L, -

37 g, | 3T e -+ 3}

We start with the trial solution (initial approximation)
xlz[}; x1={], x3:[]'_
The first approximation are as follows.
b
1

(1) _ 1 [b ]__
xV=—"Tb-a, 0-a, 0]=

2 13
1 a“ 1 "1 a4,
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This appmkimaﬁon is immediately used in (2) so that we have
S DI S PR S § N
X [bz fyy Xy~ e {]]
22
. 1
ie., Jiz“]'=— lbz—ﬂ21|—
2

Finally, we use both these approximations in (3), so that we have
oy _ L[, o (1), (1)
o T iy [5’3 In % Tipk }

This completes first iteration.

The process is continued till we get the solution to the desired degree of accuracy.
Problem 1

Solve the following system of equations by Gauss - Seidel method

10x+y+z =12
x+10y+z =12
x+y+10z = 12

The given system of equations are diagonally dominant and the equations are put
in the form

x:%[ll—y—zl (1)
y =15 [12-x-2] @
z=% [12~x-—y] )
Let us start with the trial solution x =0, y =0, z = 0.

First iteration :
r“’=f—n [12-[!—0] = 1.2

b= 1—1{] [12—1.24:-] = 1.08 A1) =1—lﬁ [12-1.2-1.03]:[1.9?2
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Second iteration :

42

1

[12~ 1.{13—0.9?2] 0.9948

2(2) 1.000188

i

1
10
1
y?) = T [12—&?943—&9?2} = 1.00332
1
10

[ 12 - 0.9948 - 1.00332 ]

43 2 Tlﬁ [12-1.00332- 1000188 = 0.99965

) = --115 12 - 0.99965 — l.ﬂﬂﬂlﬂﬁ] = 1.00002
1 _

#3) 2 5 [ 1209995~ 1,{]{]{}[}2] = 1.00003

Fourth iteration :

1 -
A4 = T 12—1.[!{]1]32—1,{JGUD3] = 0.999995 = 1
4 -1y
=1 1 -1-1.um03} = 0999997 = 1
zf‘*?:-ll—n [(12-1-1] =1

Thus x=1,y=1, z=1

Problem 2
Solve the following system of equations by Gauss - Seidel method.
Wx+y-2z =17

3x+20y—z =-18
2x-3y+20z = 25

>> The equations are diagonally dominant and hence we first write them in the

following form.
x=§a[l?-y+22:| y=%u-[-18—3x+z] z=2—%[25~2x+3y]

We start with the trial solution x =0, y =0, z=10
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First iteration:

R

X 20 0.85

RSl s mm ey =

y 2{][ 18 3(1135}] = - 1.0275

A1) = l[25 2(0.85)+3(-1.0275) ] = 1.0109
20 ]‘ :

Second iferation :

K2 = 1.0025

E |

[1?-(-1,02?5;+2[1.0109*;]

—0.9998

1
2 = . [_13_3(1_m25)+1.mﬂ*9]

”-}——[(25 2(1.0025)+3 (- ﬂ?ﬁﬁ)}:{l%?ﬂ

Third iteration :

x‘“=—23~[1?—(—D.9993;+2{0.9993)] = 0.99997

y(”—il[ 13—3{[}.9999?}+D.9995} = - 1.0000055
1

”}:2—[(25 2(0.99997 ) +3 (- 1nm0055}] = 1.0000022

Thus x =1, y=-1, z =1 is the required solution.
Problem 3
Employ Gauss - Seidel iteration method to solve

Sx+2y+z =12
x+4y+2z =15
x4+ 245z = 20

Carryout 4 iterations taking the initial approximation to the solutionas (1, 0, 3)
Soln:

>> The given system of equations are diagonally dominant and we put them in the
following form.
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o | = | —

[12-2y-z]

[15-x-2z]

X

Y
z—l[EUxE
_5 .'-"I]

By data, R yw} =0, 29 =3

First iferation :
1) = % [12-2(0)-3] =18

y' = % [15-18-2(3)] =18

A1 = % [20-18-2(18)] =292
Second iteration :
2 = % [12-2(18)-292] = 1.0%
Y2 = 3 115-109%-2(292)] = 2016
[
%) = = [20-1.09%-2(2016)] = 29744
Third iteration :
3 = L2 22016)-20744] = 0.998
=3 : . = 0.99872
1
¥ = £ [15-099872-2(29744) | = 201312
43 = 1 [20-099872-2(201312) ] = 2995

Fourth iteration -

I

1
A4 5 [12-2(201312)-2995] 0.995752

1]

1
Yt = 7 [15-0995752-2(2.995) ] 2.003562

1
A1) = £ [20-0995752 -2 (2003562) ] = 29994248

Thus the solution after four iterations correct to four decimal places is given by
x = 09958, y= 20036, z = 2.9994
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LINEAR TRANSFORMATION:

A Linear transformation in two dimensions is given by
Yi =aX +aX%

Y, = b1X1 + bzxz

This can be represented in the matrix form as

S aTeee

Similarly a linear transformation in 3 dimensions along with its matrix form is as,

Yi =X +8,X; +a3X%,

Yo =BiX +b,%, +bsX,

Y3 =G X +CX; +C3Xg

A is called transformation matrix

If |A| # 0 Then y=AX is called non-Singular transformation or regular transformation.

If |A|=0 Then y=AX is called Singular transformation

X=Ayis called the inverse transformation.
Let z=By =B(AX)=(BA)X=CX Where C=BA Z=CX is called a composite linear
transformation .
1. Show that the transformation
Y, =2X 4+ X+ X5 Yo =X X +2% Y, =X —2X, isregular. Write down the
inverse transformation.
Sol: The given transformation may be written as
Y=AX
yi) [2117[x
Y, =11 2 |]|X,
Ys 10-2]]|x
211
Al=1 1 2 |=2(-2)-Y-2-2)+1(-D)=—-4+4-1=-1=0
10-2
|A|= 0= A is anon-singular matrix
The transformation is regular
The inverse transformation is X= A"'Y
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o[22
atBIA_L 5 g
A
1-1 -1
X = Al

X 2 -2 -1 Vi
X, |=|-4 5 3 Y,
Xq 1-1 -1 Y,

X =2Y;+2Y,+Y,
X, =4y, +5Y, +3Y, istheinverse transformation.
X=Y1=Y,—Ys
2. Prove that the following matrix is orthogonal
B A%
AN Bk
oA %

% N A% B Koo
Sol:Consider AA'=1 = % % % % % —% =010
A A 7 A 7 B
1 2 a
3.1fA=1/3 |2 1 b| isorthogonal. Findab,c & A™ Aisorthogonal AA =1
2-2¢
12 a 12 2 100

Sol:%Zlb %21—2=010
2-2¢ ab c 001

1+4+a®> 2+2+ab 2-4+ac 900
2+2+ab  4+1+b*  4-2+bc | ={09 0
2—4+ac  4-2+bc  4+4+c? 0009
5+a’ =9 5+b* =9 8+c’ =9

a’ =4 b* =4 ¢’ =1

a=2 b=2 c=1
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1 12 2
AN =1 => AT=A==|21 -2
22 1

4. Find the inverse transformation of the following linear transformation
Yy, = X +2X, +5X%,
Y, =2X +4X, +11x,
Ya ==X + 2%,
Sol: Y=AX
X, 19 -9 2 A
AY=|x|=|-4 2 -1| |y,
| |2 1 0] \y,
X, =19y, -9y, + 2y,
X, =4y, +2y,—-Yy, isthe inverse transformation
X; ==2Y,+Y,
5. Represents each of the transformation y, =z, -2z, & X,=-y,—4Y,, y,=3Z
by the use of matrix & find the composite transformation which express
X, X, in terms of z,, z,
Sol : x, =3y, +2y,

Xzz_Y1+4y2
3 2]
S
X, -1 4_ Y,
y, =2,+22,

1 [12]z
y, =32, :>y:BZ:>[yl ={ Hl}
Y, 30|z

X = AY = A(BZ) = ABZ =[_AB]Z
R
N

X, =92, +62,
X, =11z, + 2z, is the required composite transformation

6. Given the linear transformation
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Yy, =5X, +3X, +3X%,
Y, =3X, +2X, +2X,
Y5 = 2% — X, + 2%,

Sol :z, =4x, +2x,
Z, =X, +4X,
Z3=3Y,
Express Y Y, Y,
interms of z,, z,, z,
Given : Y=AX

_ _p-1 -1
Z=BX=X=B"Z BL0o 1 é

Y =(ABY)Z
A % 3 _2%0 Z
Yo |= A 1 _2%0 Z,
Y3 % 1 1 Z3

Eigen values and Eigen vectors of a square matrix:

Definition: Let A be a given square matrix of order n. suppose | a non-zero Column
vector X of order n and real or complex no. 4 Such that AX= A4 x
Then X is called an Eigen vector of A.
A is called the corresponding Eigen value of A.
Working Rule:
1. Given square matrix A write down the characteristic equation |A—M | =0

2. Solve the characteristic equation for Eigen values 4, 4,, 4, .......
3. To find Eigen vector, write down the matrix equation as
X
(A—A1)X =0 whereX =| X,
X

n

4. We set A =4, in the matrix equation & solve it for Eigen vector x,. Similarly we

obtain Eigen vector X,, X;..... for corresponding Eigen value 4,, 4,.....
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1. Find the Eigen values & corresponding eigen vector of the following matrix

2]

-3-4 8
Sol:|A—ﬂI|:‘ . /1‘:(—3—/1)(7—/1)+16
=1 %41 -5

=(1-5) (4 +1)=0

The roots of this equation are 4,=5 & A,=-1. These are the two Eigen value of the given

matrix A. Let X=X, y]T , then the matrix equation (A—A1)X =0

-2 [l

A=2=5

BIdMEN

-8x+8y=0, -2x+2y=0. Both of these reduces to some equation x-y=0 =) x=y.

a
X=a, then y=a These, when A =4 =5,%x = LJ is the solution of (1)

A, = A, =—1equation (1) becomes
-2 8|[x]| |0
2 ol
For —2x+8y =0, x—4y =0.Hence if we choose y=b, then x=4b

Ab
Thuswhen =4, =-1, X, = {b }is the soln of (1)

2. Find the Eigen values & the Eigen vectors of the matrix

2 0 1
A=0 2 0
1 0 2
Sol: For the given matrix, the characteristic polynomial is
2-4 0 1
|A—;LI|= 0 2-240
1 0 2-1
=(2-x)°-(2-1)

=(1-3)(2-4)(1-)
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The characteristic equation of the given matrix is
(2-2)(A-3)(1-1) =0

Therootsare 4, =1 A4, =2 & A4,=3 these are the Eigen value of the given matrix.
[y, z]T = X, then the matrix equation (A-11)x=0

[2-4 0 1 X 0

0 2-1 0 yli=10—>(@Q
1 0 2-11|z 0

For A=1,=1

1 0 1|[x] [0
010||y|=|0

1 01)|z 0
X+z=0&y=0

If we choose x=a, thenz=-a; X, =[a, Ol—a]T
If a=1 x,=[10-1]

0 0 1]x 0
ForA=4,=2|0 0 O0||y[=|0

1 0 O0f|z 0
x=0, z=0. we take y=b; x,=[0 b 0]T
Ifb=2 x,=[0 2 0]

Let -1 0 11[x] [o
ForA=4,=3|0 -1 0||y|=|0
1 0 -1||z 0

—x+2=0, y=0. we take x=c; thenz=cx,=[c 0 c]T

Ifc=3 x,=[30 3]

1 1 3
3. Find the matrix P which reduces the matrix A={1 5 1| to diagonal form
3 11
Hence find A*
1-4 1 3
A-2l|=|1 5-11 =0
3 1 1-4

A=-2 2,=3 1,=6

DEPT OF MATHS, SJBIT Page 153



ENGINEERING MATHEMATICS-I 15MAT11

1-4 1 3
|A—1H: 1 5-11

3 1 1-2
A=-2 A1,=3 =6

31 3||x
Case(1): |1 7 1||y|=|0

3 13|z
3X+y+3z=0
X+7y+z=0

0

X -y z
13 33 |31
71 L1 {17

X -y z
20 0 20
Caseii):4, =3
-2 13 ||x| |0
1 21 ||y|l=|0
3 1 -2]|lz 0
-2X+y+3z=0
X+2y+z=0
3X+y-2z2=0

X -y z
‘2 1‘:‘1 1‘:‘1 2‘

1 -2 3-2 31
X -y z
5 5 5
Caseiii): 4, =6
513 ||x 0
1 -11}y|=|0
3 1 -5|z 0
-5x+y+3z=0
X-y+z=0
3X+y-5z=0

X =y z

21 14 [ 1] [ -a
1 -5

3-5 [3 1
DEPT Of MAYHSZS]BIT Page 154
4 -8 4




ENGINEERING MATHEMATICS-I 15MAT11

X -y 1
4 8 4
X, X X -1 1 1
pP=[x%X%]=|% ¥, Y¥s|=|0 -1 2
7, 1, 1 1 1
14 1
2 2
g 1 11
T3 s s
1 1 1
| 6 3 6]
-2 0 0
plAP—{O 3 0|=D
0 06
14 1
111716 0 o0]| 2 2
A'=PDp*=|0 -1 2||0 81 0 % —% %
1 1 1|0 0 1296 1 1 1
| 6 3 6]
251 405 235
=405 891 405
235 405 251
11 -4 -7
5) Diagonalizable the matrix A=|7 -2 -5|and find A’
10 -4 -6
(A=-11)=0
11-4 -4 -7
7 -2-14 -51|=0
10 -4 -6-41
~2%+32°-21=0

—1[12—31+2)=0
x=0 1=1 A=2
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Casei: 1=0

11 -4 -7 ||Xx 0

7 -2 -5]ly|=|0
10 -4 -6||z 0
11x—4y-7z=0
7X—2y-52=0
10x—-4y-6z=0

X -y z
2 -5| [7 -5 [7 -2
‘—4 -—6‘ 10 —6‘ ‘10-—4‘
X -y z
8 8 -8
Caseii: 1 =1
10 -4 -7||x 0
7 -3 -5||y|=]|0
10 -4 -7]||z 0
10x—-4y—-7z=0
7x-3y-52=0
10x—-4y—-7z=0
X -y z

4 —7| 10 —7] 10 -4
‘—3 —5‘ 7-—5‘ L-—S‘
X -y 1z
-1 -1 -2
Caseiii: A =2

9 -4 -7]||x 0
7 -4 -5||ly|=|0
10 -4 -8||z 0
Ix—-4y-72=0
7X—4y-52=0
10x-4y—-8z=0
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X —y z
4 5| [7 -5] [7 -4
‘—4 —8‘ 10 —8‘ ‘10 —4‘
X -y z
2 6 12

191 —-64 —127
A°=PD°pt=|97 -32 -65
190 -64 126

Quadratic forms:
A homogeneous expression of the second degree in any number of variables is

called a quadratic form (Q.F).
In general for two variables x,, X, i.e,n=1,2 a,X’ +2a,XX, +a,X is called OF in

two variables.

coeff of x; l(coeff of xx,)
The matrix A of the above Q.F is A= 2

1 2

E(coeff of xx,) coeff of x;

Eg:X*+y>+xy A=

2 3
2) 2x*+3y® +6xy A:{ }

) ) 5 6
3)5x +7x, +12xx, A= i
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Similarly Q.F in 3 variables is
8, + 8, X, +85Xs + 28, XX, + 281X, %, + 28, %X,

coeff of x? %coeff (%) %coeﬁ (%,X3)
%Coeff of (xx,) coeff of x; %coeff (%,%,)

%Coeﬁ of (1 XX,) %coeff (X,%,) coeff of x;

-

Examples : 1) QF :x* +y* +z° + xy+2yz=42zx A=

NN

2)5x° +2yz+6y° +92° +4xy A=

[« \C RN &)
R o N
© = O

o 1 1

2 2

1 1

Axy+yz+zx A= = O —
)Xy +y 5 5

11,
| 2 2 |

Canonical Form (sum of squares):

Q=AY+ A,y +.......+ A y> where A, A,,.......A_ are Eigen values called canonical form.
Rank Index & Signature of canonical form

The number of non-zero terms present in a canonical form of Q is called rank of Q it, (r)
EX:2y  +yi—yi=>r=3 yi+y.=>r=2

1. The number of the terms present in a canonical form is called index of Q. (p)
Ex:2y? +3y; —-5y? p=2

2. The difference between the negative terms in a canonical form is called signature

of Q (s)
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Ex:y? -3y’ +y; s=2-1=1

Nature of Quadratic Form:

r=rank, p=index n=number of variables

Condition Meaning Nature of Q.F Eg;

r=n,p=n All n Co efficient | +ve definite 2yZ +yZ +8y.+
are positive

r=n,p=0 All n Co efficient | -ve definite —yZ—yZ-6y?
are
-ve

r=p,p<n for r=2=p | At least one of the | +ve Semi yZ +5y?

2<3 Co-efficient Zero | definite
& all other Co-
efficientp are +ve

r<n,p=0 At least one of the | -ve Semi definite —y? —10y?

Co-efficient Zero
& all other Co-
efficient are -ve

Note: Q.F is indefinite if some of the Co-efficient are +ve and some are -ve

Eg: y7 —y; +3y;

Working rule to reduce Q.F to Canonical (sum of squares) form by

orthogonal transformation.

1. Write down the matrix Ato Q.F

2. Find the Eigen values & the corresponding eigen vectors of matrixA.

3. Normalise the Eigen vector X, X,, X,

w,xj—ﬁ
a
If % =|b|=|x,]=va®+b*+c?
C
1117 % = 2 =X
S P R P

4. Write down the associated orthogonal model matrix Q=[x x, X |

5. Since pp'=1=p*=p'

Then p™AP = p'AP =diagonal matrix (4, 4,, 4, )
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6. The associated canonical formis 4,y> + A,y +AY;

X Yi
7. X=py where X =| X, |&Y =|Y,
X3 Ys

will give us the orthogonal linear transformation.

1) Obtain the canonical form of the quadratic form

Sol : 2x* +2y® +22% — 2xy — 2yz — 22X

2 -1 -1
A=-1 2 -1

-1-1 2
(A-11)=0

2-4 -1 -1
=|-1 2-1 -1 |=0

-1 -1 2-2
2-D){(2-24) -1} +1{-2-2) -1} -1{1+(2-2)} =0
2-2){4+ 2" -44-1-{2-2+1}-{3-2} =0
{2-2}{2*-424+3]-{3-2}-3+2=0
207 —8A+6-1%+41*-31-3+1-3+1=0

~2°+64°-91=0=1-61"+91=0
A(A*=61+9)=0 A(A1-3)°=0
A=0,331e,4, =0, 4, =0, A, =0areroots and are the Eigen values of A.

2) The canonical form of the given Q.P that we get by an orthogonal transformation
iISAY; +4Y; + Y5 =3Y; +3Y;
Sol: Since one Co- efficient in this canonical form is zero & the other two are +ve,
the Q.F is +ve Semi-definite
Rank, r=2 Index, p=2 & Signature, s=2.

3) Reduce the Q.F x* +3x; +3xZ — 2X,x, to the canonical form by an orthogonal
transformation
1 00

Sol:A=|0 3 -1
0-13
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(A—A1)=0
1-24 0 0

0 3-14 -1 |=0
0 -1 3-21
1-{@B-1)°-1}-0=
@-A){9+1*-64-1} =
(1-4)(A*-61+8)=0
A?—61+8-2°+61>-81=0

—A%+74% -141+8=0=>2°-71%>+141-8=0
(A-1) (1-2) (1—-4)=0

The eigen valuesof Aare 4, =1 A, =2 4,=4
Casei: For 4, =1

00 0][x 0

0 2-1{|x|=|0

0-1 2||x 0

0
0

X -y zZ
2 -1| o -1 Jo 2
kb
X -y 1z
3 0 0

3] [1
X, =0 :{O

o |0
11x11=12+0+0 =1
. x[w0] :
ST
A,=2

-1 0 0][x 0
0 1-11|x|=|0
0-11||x 0
X -y z
‘1 _1ﬂ_1 oﬂ-l o‘

-11 |0 1 |0 -1

DEPT OF MATHS, SJBIT Page 161



ENGINEERING MATHEMATICS-I 15MAT11

11x,11=0+1+1=+2

=X -1 o1 +1]T=[o

X% 1 _LT
Tkl V2 2z 2

11x,11=0+1+1=2

R _[o-1 1]T{1 -1 LT
Il 2 2 2
The orthogonal model matrix for A is
|
1 0 0
1 1
Q=[x % x |=|0 NANA
o -+ L
V2 2]

X=Q.F is the orthogonal transformation that reduces the given Q.F to the canonical form.
The canonical form is

AYi + AY: + A5 =Y, +2y; +4y;
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Rayleigh’s power method
Rayleigh’s power method is an iterative method to determine the numerically largest
eigen value and the corresponding eigen vector of a square matrix.

Working procedure:

R/
L X4

Suppose A is the given square matrix, we assume initially an eigen vector X, ina
simple for like [1,0,0] or [0,1,0]' or [0,0,1] or [1L11] and find the matrix

product AX, which will also be a column matrix.

We take out the largest element as the common factor to obtain AX, = A% X .
We then find AX " and again put in the form AX Y= 20x" by normalization.
The iterative process is continued till two consecutive iterative values of A and X
are same upto a desired degree of accuracy.

The values so obtained are respectively the largest eigen value and the
corresponding eigen vector of the given square matrix A.

Problems:

1) Using the Power method find the largest eigen value and the corresponding eigen
vector starting with the given initial vector.

Solution: AX© =

AX (2

2 01
0 2 Ofgivenft 0 Of
1 0 2
2 0 1]1] [2
0 2 00 = =zmxm
10 2_0 1
2 0 1]
AXW=|0 2 0 APx®
1 0 2|0 {
2 0 1] . 1
=10 2 o{ ] {o =28 0 |=49x0
1 0 20 2.6 0.93
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2 0 1) 1 7 [2093 1

AX® =10 2 0|l 0 |=| 0 [=293 0 |=4“WxW
1 0 2/[093] |286 0.98
2 0 1 1 7 [2.98] 1

AXW=lo 2 0| 0 |=| 0 |=298] 0 |=49x0
1 0 2[[0.98] [2.96] 0.99
2 0 1 1 7 [2.99] 1

AX® =0 2 0|l 0 |=| 0 |=299] 0 [=49Xx®
1 0 2][099] |2.98] 0.997
2 0 1] 1 2.997 1

AX®=lo 2 of 0 |=| 0 [=2997] 0 [=4"xD
1 0 2[0997] |2.994 0.999

Thus the Iargest eigen value is approximately 3 and the corresponding eigen vector is

[1,0, 1]

2) Using the Power method find the largest eigen value and the
corresponding eigen vector starting with the given initial vector.

5.6 1
52 [=5.6] 0.93 |=19xY
5.2 -0.93
5.86 1
572 |=5.86| 0.98 |=A9Xx®
—5.72 ~0.98
5.96 1
5.92 |=5.96| 0.99 |=19x®
—5.92 ~0.99
=5.98] 0.997 |=AWX®
~0.997
1
=5.994| 0.999 |=10x®
~0.999

4 1 -1
2 3 -1fgiven L 08 -0.8]
—2 1 5
(4 1 -1]] 1
Solution: AX”=|2 3 -1{]| 0.8 |=
2 1 5|08
(4 1 1]
AXW=l2 3 1 093]
2 1 5_ ~0.93
4 1
AX® =2 3 -1 098}
2 1 5||-098
(4 1 -1]] 1 5.98
AX® =] 2 3 -1/]| 0.99 |=| 5.96
-2 1 5]|-099] |-596
[4 1 -1 1 5.994
AXW=2 3 -1|| 0997 |=| 5.988
-2 1 5|[-0997] |-5.988
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Thus after five iterations the numerically largest eigen value is 5.994 and corresponding
eigen vector is [1, 0.999, -0,999]°

6) Using Rayleigh’s power method to find the largest Eigen value and the corresponding
Eigen vector of the matrix.

(Dec 2012)
6 -2 2
Sol: A=-2 3 -1 X © =[1,0,0]
2 -1 3
6 -2 21 6 1
AX® =|-2 3 -1|0|=|-2|=6/-0.333
2 -1 3]0 2 0.3333
6 -2 2 1 7.3332 1
AX®W =1-2 3 -1|-0.333 |=|-3.3332|=7.3332 —0.4545
2 -1 303333 3.3332 0.4545
(6 -2 27 1 7.818 1 ]
AX® =|-2 3 -1/ -04545 |=|-3.818|=7.818 —0.488
|2 -1 3] 04545 3.818 0.488 |
6 -2 2| 1 7.952 1]

AX® =|-2 3 -1|-0.488
2 -1 3] 0488

=|-3.952 | =7.952| —0.4969

3.952

0.4969 |

The largest Eig_en value is 4 =7.952 and the corresponding Eigen vector is

[L 04969 0.4969]
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