Engineering Mathematics II 15MAT21

QUESTION PAPER SOLUTION

MODULE -1
DIFFERENTIAL EQUATIONS - 1|

3 2

d
Y23

4
1) Solve 49Y 49
dx dx dx

> +12ﬂ+36:0
dx

(July 2015)
Sol : The given equation iswrittenas

4D* -4D*-23D*+12D +36=0

AE is4m* —4m® - 23m* +12m+36 =0
solvingweget m=2, 2, 3/2, 3/2
LY. = C +CX e¥+ c,+c,x e’

3 2
2) Solved—¥+6d—z’+11d—y+6y:ex+l July 2015
dx dx dx

Sol : The given equation iswrittenas D®+6D*+11D+6 y=0

AE ism®*+6m?+11m+6=0
m®+m?+5m?+5m+6m+6=0
m®> m+1 +5m(m+1)+6(m+1)=0

m?+5m+6=0, m+1=0

Som=-1 -2, -3
LY. = ce Tt +ce +ce™
ex+1 ex eox_l
Yo =13 2 =13 2 +—=3 >
D°+6D“+11D+6 D°+6D“+11D+6 D°+6D°+11D+6
et 1
:_+_
24 6
GS is y=€e‘x+c e > +ce™ et
: 2 3 24 6
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2

3) Solve 2d—¥—2d—y:exsinx July 2015
dx dx

Sol : The given equation iswrittenas 2D*-2D y=e*sinx

AE ism*>-2m=0

m(m-2)=0

..m=0,2
Sy =0 0%
let Plas y=e"(Acosx+bsinx)
Differentiating w.rtx y =e*(—~Asinx+bcosx) +e*(Acosx +bsinx)
y =¢* €A+ B Psx—(A+B)sinx)}+e*{(~A+B)sinx+(A+B)cosx ~

Sustituting thesevaluesinthe given equations and solving we get

A=0, B:—1/2—>yp:ex(%lsinxj
: o« 1.
GS isy=y,+y,=C+Ce" -e (Esmxj

4) Solve:y"+4y'~12y =e* —3sin2x Jan 2016
Sol :Wehave ©7+4D 12 y=e* —3sin 2x

AE:m*+4m-12=0=m=2, -6
Y. =™ +c,e™
e 3sin 2x
" D?+4D-12 D*+4D-12
y e 3sin2x

D+4 4 D-4
e 3 D+4 sin2x

8 4 D’-16

Yo

= X

xe?* 3 2cosX+4sin2x

8 80
General solution

xe?* 3 2cosx+4sin2x
80

y=Y.+y, y=ce+ce™+
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5) By the method of undetermined coefficients solve ¥ Y =2C0SX (Jan 2016)

we have ©? +1y = 2cos X
Sol: () J

AE:m*+1=0=>m==i
Y. =C, COSX +C, Sin X
Assume y, = x €@.cos X + Bsin x
y, = x€ Asin x+Bcosx 3 Acosx+ Bsin x
y" = x€ Acosx—Bsin X >-2Asin X+ 2B cos x
substituting in givenequationand comparing coefficients we get
B=1land A=0
Y, = Xsin X
G.Sisgivenby
Y =C, COS X+ C, Sin X+ XSin X

6) By the method of variation of parameters solve Y 4 = tan2x (Jan 2016)

Sof ()2+4E/:tan2x
ol:

AE:m’+4=0=m==+2i
Yy, = C, COS2X +C, Sin 2X
y = Acos 2x+ Bsin 2x

COS 2X sin 2x
—2sin2x 2c0s2x

(o Sin2x log €ec 2x + tan 2X_, K,
4 4
B J»cos 2xtan Zxdx _ —C0S2X K,
2 4
G.Sisgivenby

_ (s|n42x _ log €ec 22+ tan 2X/+ kljcos 2X +(

d

sin 2x tan 2x
A= J’ )

—C0S 2X

+k2jsin 2X
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7)Solve (D*+m*)y =0 (Jan 2016)
solution: AE D> "+ m? “=0

(D? +m?)*-2D’m* =0

D2+m?++2Dm D?+m?-+2Dm =0

J2a++/2ai _ —J2a ++/2ai

D=

..The general solutionis givenby

ax —ax

y=e’ﬁ[clcosix+czsinixj+e’ﬁ(clcosixmzsinix]
V2 2 V2 V2
8)Solve (D* +m*)y =0 (Jan 2016)
Sol: AE D? +m? =0

(D? +m?)*-2D’m* =0

D?+m?++2Dm D?+m?—2Dm =0

J2a++/2ai b —J2a++/2ai

D=
2 2

_a,a. _ a_ a.

R NERNG)

.. Thegeneral solutionis given by

b
ax
= a
y-ef(ccos X+C,8IN —— xj+eﬁ(clcos X +C, sin

7

(D? +7D +12)y = cosh x
9) Solve (Jan 2016)

X

e +e€

—X

2
Sol: We have (P~ +7D+12)y =

AE:m*+7m+12=0=>m=-3, —
y, =ce ¥ +c,e™
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y _l eX + e—X
P 2\ D*+7D+12 D?+7D+12

1({e* e
=—| —+
2(20 6 j

General solution
Y=Y.+Y,

y=c:1e‘3x+cze“‘x+1 £t
2020 6

o y"+y = Xsin x
10) By the method of variation of parameters solve (Jan 2016)
Sol: D?+1 y=xsinx
AE:m*+1=0=>m= i
Yy, =C, COSX+C,Sin X
y = Acos X+ Bsin x

COSX  sinXx
W= =1
—sinX CosX
- 2 _ 2 -
A:jxsm de:_l X° Xsinx  €os2x K,
2 2\ 2 2 4
. —XC0S2X sin2x
B:jx5|nxcosxdx: + 3 +k,
G.Sis givenby
~1( x* xsinx co0s2x (—xcost sin 2x j
y=|—| =~ - +Kk, [cos X+ + +k, [sinx
2\ 2 2 4 4 8
11) Solve(4D*-8D°-7D?+11D +6)y =0 (June 2015)

Solution: The AEis4m* —8m®—-7m? +11m +6 =0

By inspection method m=-1 and m=2 are two roots

then we get 4m* —4m-3=0=m :%1;
Ly =ce o +ce P toe
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12) Solve(D? +4)y = x*+e”*
Solution: The AEism?+4=0=m =+2i

-~ Y, =€, C0S2X +C, SIn 2X

—-X

I T ) PR (VO L
4 4 5 4 2 5

<.y =C,C0S2X+C,Sin oxs i xe_1) 8
4 2 5

13) Solve (D* —2D +2)y = e* tan x using method of variationof parameters.

Solution: The AEism?—-2m+2=0=m =1+i

oY, =e" ¢ CoSX+C,SinX

u=e*cosx v=e*sinx
u v e cos x e”sin x .
W: = . i :e
u V| ¥ —sinx+cosx e sinX+cosx
Ao J-vf(x)d Je sin x.e” tanx _qsin? X4
w e cosx

=—jsecx—cosx dx=sinx—log secx+tanx +Kk,

uf (x e cos x.e”* tan x
B [0 gy |
e
Hence general slolutionis

y=e* @cosx+Bsinx )
y =e* €_cosx+c,sinx Ye*cosxlog €ec x+tan x )

Department of Mathematics, SJBIT
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14) Solve (D*—D)y =2e* +4cosx (Jan 2015)
Solution: Given(D® — D)y =2e* +4¢0s x

AE is (D°*-D)y=0

=m*—-—m=0

m(m® —-1) =0

—m=0, mM*-1=0 —=m=11

= m=0,-11

C.F =ce”™ +c,e* +ce”

C.F =c, +c,e " +c,e”

_2e"+4cosx 2e* +4cosx

P.1 = i
f (D) D°—-D
2e* 4.cos X
= +
D:-D D3®-D
2 | Acosx
1-1 -D-D
2xe* 4c0os X
= +
3D?-1 -2D
_ 2xe"  2cosX
3.1-1 D
= 2xe —2sinx

P.l =xe*—2sinx
The solutionisy = C.F. +P.F
Yy =C, +C,e " +C,e" +xe* —2sinx
15) Solve: (D? +2)y= x*¢* +e* cos 2x (Jan 2015)

Solution: L(D)=D? +2,which leads to

C.F.= Acos\/§x+ Bsin \/fx.
Also,

P.I.:i x%e* +e*cos2x =——e*x? +ieX COS 2X
L(D) L(D) L(D)
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1 1
= —— x?4eX C0S 2X

L(D +3) L(D+1)

=e3x;2x2 +eX;20052x

(D+3)°+2 (D+1)°+2
eax 1 2 X 1

+e
+6D+11 D +2D+3

C0S 2X

o L 1+— D?+6D ’1x2+eX2;cos2x
11 -2°+2D+3
1ee‘x{l 2+6D +i2 D?+6D ... }x2+eX 1 cosax
11 2D -
1 3x 3 2 X 2D-1
T {1 6D) 5 @' +12D°+36D }x et C0s2X

2D +1

e {x ——(+12x) (}4# 22 1@32x)
-

j ! —e”(—4sin 2x +cos 2x)
121 17

Therefore, the general solution of the given equation is

Y=C.F.+P.1.=Ac0s+/2X + Bsin/2x +1—11e3 (x —Ex 50) ie *(4sin 2x —cos 2x).

e

11 121) 17
16) Solve the simultaneous equation (D+5) x-2y=t and (D+1) y+2x=0 (Jan2015)
Solution: The given equations are
(D+5) x-2y=t

(D+1) y+2x=0

From equation (ii), we get
(D+5) (D+1)y +2(D+5)x=0.

Using equation (i), this becomes
(D+5) (D+1)y +2(t+2y)=0.

For this equation, the A.E. is (m+3)® = 0 whose toots are -3, -3. Therefore
C.F. = (cy+ Cot) ™
1 1 1

"o ) Te@ gy Y

:-2(1+D]2(t)=—2(1—2D+ ...... jt:—z( —2]
ol 3 ol 3 o' 73

Therefore, the general solution of equation (iii) is

2. 4
Y =C.F. +P.l.=(ci+ cot)e>- Sty —
(Gt cab)e™ Gt

Using this in equation (ii), we get
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2x:-(D+1)y:-(D+1)[ c,+c, - gt+ij

9 27
] g 2 4
:_H(_?’) C,+C, €7 +Cpe 3t_§}+{ c +C,t e?"__t+EH
} 5 2 2
=‘[(‘2) CitC, € He 3‘—5“5}
2 2

= 2¢C, +2ct e ——t——
9 27

X ={(cl-%c2j+czt}e‘3‘ —St —2—17

Expressions (iv) and (v) constitute the general solution of the given system.
It is given that x=0 and y=0 when t = 0. Using this condition in expressions (iv) and (v), we get.

4 1 1
L7 (Cl 2 2} 27
From these, we get
Cl=—i, c,=2 cl+i =2 —i =_3
27 27 27 9
Substituting these values of ¢; and ¢, into expressions (V) and (iV), we get

1 1
X=——(1+6t)e™ + — (3t +1
27( ) 27( )

1 1
= (2430 - (3t-2
y 27( ) 27( )

These constitute the required solution of the given system.

17) Solve (D—-2)*y =8 e™ +sin2x (June 2014)
. 2
Solution: AE 1S m-2 =0
=>m=22,
C.F = ¢ +C,x e
_— e” +sin 2x _geasin2x o e sin2x
' f (D) D_2°2 D-2? D?’-4D+4

xe?X sin 2x x?e?*  cos2x
=8 + =8 +
2 D-2 4D 2 8
= 4x°%e?* +cos2x
The solutionisy = C.F. +P.F

y= ¢ +CX €7 +4x%e* +c0os2x
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18) Solve: y"—2y'+y = XC0S X (June 2014)
Solution:

AE is m*-2m+1=0
=>m=11
CF= c+cx €

b | —_ XCOSX —{x— 2D-2 } COS X
"~ D?’-2D+1 D?’-2D+1|D*-2D+1
2 D-1 |cosx 2 sin x
=| X— 3 = X——— _
D-1° |-2D D-1\ -2
__ —Xsin X . sin X  —Xxsin X . (D +1)sinx
2 D-—-1 2 D2 -1
—XSINX COSX+SIn X -1 . .
= > + > = XSIN X + COS X + Sin X

The solutionisy = C.F. +P.F

-1 . .
y= C +C,X ezx+? XSin X +C0S X +5in X

19) Solve %—7x+y:0, ;ITy—Zx—Sy:O (June 2014)
Sol : The given equations can be written as
D-7 X+y=0.ccc..... @
—2X+ D-5 y=0....cc....... (2)

Operating (2) by (D-7) and multiplying (1) by 2 we have
2 D-7 x+2y=0
-2 D-7 x+ D-5 D-7 y=0
Addingweget,[ D-5 D-7 +2]y=0
or D*-12D+37 y=0
AEis m*-12m+37=0=m=6+i

s y=e% ¢ cost+c,sint ... )

dy 2x—-5y =0 we get, x=%{%—5y}

By considering —— —
y g at

1 . .
x:z{% e® c,cost+c,sint —5e® clcost+c23|nt}
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6t

1 . . .
=5 e® —c,sint+c,cost +6e™ c cost+c,sint —-5e* c cost+c,sint

1 }
LX=D GG e cost+ c,—c, €"sint ..ccoerrrnne, (4)

(3) and (4) represents the general solution of given system of equations

20) Solve %—Zyzcosm, gTy+2x=sin2t, giventhatx =1,y =0att=0 (Dec2013)

Sol: The given equations can be written as
Dx—2y =cos2t............. @

2X+ Dy =sin2t.............. (2)
Operating (1) by D and multiplying (2) by 2 we have

D?x—2Dy = -2sin 2t

4x+ 2Dy = 2sin 2t
Addingwe get, D*+4 x=0
AEis mi+4=0

S X=C C0S2t+C,Sin 2t............ ®))

. dx 1| dx
By considering — —2y =c0s2t we get, y ==| — —cos 2t
y g at y get, y Z{dt }

1(d )
=—|— C COS2t+cC,SIn2t —cos?2t
y Z[dt “ ? }

1 .
_ E[ ~2¢,5in 2t +2¢, Cos 2t —Cos 2t |

s y=-Csin2t+ c,-1/2 cos2t............. 4)
(3) and (4) represents the general solution of given system of equations

It is given that x=1 and y=0 when t = 0. Using this condition in expressions (3) and (4), we get.

from(3)1=c,+0=>¢, =1
from(4)0=0+ ¢,-1/2 =¢c,=1/2
Substituting these values of ¢, and c, into expressions (3) and (4), we get

sin 2t

X =C0Ss 2t + ; y=-sin2t
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3%
: i . e
21) Using the method of variation of variation of parameters solve y"—-6y’'+9y =

(June 2014, Dec 2013)

X2

3x

Solution: ; Wehave D?—6D+9 y ="
X

AE. m>-6m+9=0=>m=3,3
Yo = G +CX €

2

y= A+Bx e*be the complete solution of the given equation where A(x),B(x) are to
be found
We have y,;=e* and y,=xe*

A|= _y2¢) X , Bl= ylw(x)
W W
_ 3X 43X 2 3X 43X 2
Ao Xe .EX /X | B,:e .eBX/x
e e
A'=ll , B'= 12
X X

Integrating we get

A=—logx+k; B:_—l +k,
X

Using the expression of Aand Binin y= A+ Bx e we have,

y= —logx+Kk, ee’x+(_—1 +k2jxe3X
X

y= k +k,x e —e¥*logx

22) Solve: X’y +xy +y =2cos’(log x) .
Solution: Put logx=t or e'=x

( Dec 2013)
4 24" d

xy'=Dy, x’y"=D(D-1)y where D:a

D(D-1)y-Dy+y =2cos’t

D(D-1)-D+1 =2cos’t

| D*-2D+1]y =2cos’t
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m?-2m+1=0
m=1

yc = (Cl + C2t)et

yp = 2c0s’ t
D?-2D+1
_1+cos2t
D?-2D+1
1 Cos 2t
=— +00— =P +P,
D°-2D+1 D°-2D+1
_ 1 _ e0>< _ eox _1__
' D’-2D+1 D*-2D+1 0-2(0)+1 1
p__ Cos 2t cos 2t Ccos 2t

’ D?*-2D+1 -4-2D+1 -2D-3

(2D —-3)cos 2t

~ —(2D+3)(2D-3)

_ 2D(cos 2t) —3cos 2t
~ —(4D%*-9)
_ —4sin2t-3cos 2t
- 25

— 4sin 2t + 3cos 2t

25
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MODULE-2
DIFFERENTIAL EQUATIONS - 11

dx . dy
1) Solve the simultaneous equations g * 2y+sint=0, E_ZX_COSt =0given that x = 0,

y=1whent=0 (Jan 2016)

Sol: Given PX+2y= —sint, —2x+ Dy = cost

Solving the equations we get ©2 + 4}/ =-3sint
=>m*+4=0=m==+2i
Y. =C, C0S 2t +C, sin 2t

y. = —3sint _ _sint
' D*+4
Sy =C,cos2t+c,sin2t—sint
dy

Substituting Py inthe givenequationwe get

X =—C, Sin 2t + ¢, cos 2t — cost

2. ,m ' H -
2) Solve XY =Xy +2y = xsin g x_ (Jan 2016)

put x=e' =t =log x
Sol:

thenwe have Q(D-1)-D+2 y=e'sint
AE m’-2m+2=0=>m=1+i

y, =e' € cost+c,sint

t -
p_ ge sint__ .. DoD+1
D°-2D+2

D?+1  -1*+1
( Sint _ —e'tcost

2D 2

_at
GSis y =e' €, cost+c, sint}M
~ Xlog xcoslog x

y = x €, cos(log x) +c¢, sin(log x) > 5
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dydxxy

3) Solve gy dy y x

Sol: The given equation can be written as

we note thatpzﬂ
dx
1 x
p-==2-1
Py X

p’ - p(i—lj—lzo
y X

Solving for p we get

y X
dy x
now — =— xdx — |ydy =k
m y:j [ydy
then (z—yz—c\=0

- dy y dy
Similarly —==-2 =k
y dx -[

then log x+|ogy-|ogc
then €y—c =0
~GSis (z—yz—c}y—c}o

&+a’y'—4€+ay +6y=x
4) Solve

ut x=e'=t=1log x
Solution: P J

put x+a=e' =t=log x+a

thenwehave D(D-1)-4D+6 y=¢'-a

AE m?*-5m+6=0=>m=2,3

_ 2t 3t
Y. = Ce” +c,e

e'—a
D?>-5D+6
et a

2 6

Y, =

Department of Mathematics, SJBIT

15MAT21
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. e a
GS is y= ce” +c,e” S
y=c, x+a’+c, x+a ' +222 2
2 6
p=tan| x——"
5) Solve 1+ p? (Jan 2016)

Sol: The given equation can be written as

X =tan™ p+1+pp2 ....... )

Differentiating both the sides

+p? dp—p(Zpdpj

1
dx 1 dp dy dy
v 20" 2
dy 1+p°dy 1+ p?
dp _ .dp

1 @+dy P dy

_dp|_ 2
dy 1+p22
dy = 2p ~dp......... put 1+ p? =t
1+ p®
joly:jon/t2
= ——4C=>y=—4C..(2
Y reEYE L et (2)

(1) and (2) arethe general solution

Department of Mathematics, SJBIT
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_ 3
6) Find the general and singular solution of the equation y=pxX+p (Jan 2016)
Solution: The given equation is Clairaut’s equation

.. the general solution is obtained by replacing p by ¢
y=cx+c’
diff w.r.tc to get the singular solution

0=x+302:c=i\/gi
3
'y—\/gix—i\/gi
a 37 3V3

7) Solve (px —y)(py +x) = a’pby reducing toClairaut 'sequation.  (June 2015)

Solution: Put u=x? = du =2xdx = dx :czzl_u
X

Put v=y* = dv = 2ydy = dy = (zj_v
y

=Q_M:1ﬂ:1p where P:d_v

dx du/2x ydu vy du

substituting this in the given equation we get

{iPx—yMEPyH}:aZiP
y y y

2 2
{X Py } Px+x =a’ 2P
y y

X(X*P-y?)(P+1)=Pa’x= uP-v (P+1)=Pa’
2
v=uP - ;’a ...... thisisClairaut's form

+1

The General Solution of thisequationis
2

V=uc-—

2
ca
or y>=cx’ -
c+1 c+1

Department of Mathematics, SJBIT Page 17



Engineering Mathematics II 15MAT21

8) Solve (1+Xx)*y" +(1+X)y’+y =2sin log x (June 2015)
Solution: Put 1+x=¢’ = z=log(l+X)

.. givenequationbecomes
D(D-1)y+Dy+y=2sinz= D®+1 y=2sinz

The AEism?+1=0=m=-+i

.Y, =C,C0SZ+C,sinz=c, coslog(l+ x)+c,sinlog(l+ x)
y =Zsinz _ Zsinz

P D*+1 2D
. y=c,coslog(l+x) +c,sinlog(1+ x) —log(1+ x) cos log(1+ x)

=-zc0sz =-log(1l+ x)coslog(1+ x)

9) Solve y=2px+y?*p® by solving for x. (June 2015)

Solution: x=J—YP
2p

differentiating w.r.t y we get

dp dp
1-y?.3p° —C—p’2y |- y-y?p® —©
dx 1 p( y=.op dy p yj y-ynp dy

dy 2 p’

1 1 dp dp dp
or —=—_ _3 2 3__2 4 _y_r 2 3_
0 Zp{p Y dy Py ydy+yp dy}

oncross multiplication

d d
2p=p-2y’p* L opty_yP
dy dy

or p 1+2yp® +yg—p 1+2yp® =0
y

:[p+y@j 1+2yp® =0 or i(py)=0
dy dy

: : c
onintegration p = —
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substituting in given equation we get

3 3
y:2.£x+ yZ.C—S: y:2.£x+c—
y y y

or y*=2cx+c® whichisthe required solution
d’y . dy

10) Solve x° W+4x&+2y =¢*

(June 2015)

Solution: Put x=e’ = z=logx

.. givenequationbecomes
D(D-1)y+4Dy+2y=2sinz= D?*+3D+2 y=¢*

The AEism?*+3m+2=0=>m=-1-2

i 22 C
Sy, =Cce 7 +ce” :;1+X—22
e 1 1 . 1 z
= = e’ = e’ |efe’dz
Vs D+1 D+2 D+2 D+1 D+2[ I }
_ 1 -z.6" | _ 422 e’ a7 22 A28 _i
=513 [e e }—e _[e e’ e’dz=e""e =
y=8iG
X X X
dx dy
11) Solve ——-7x+y=0, —-2x-5y=0 (June 2015)
dt dt
Solution: Put D= %the givenequations becomes
Dx-7x+y=0; Dy-2x-5y=0
or (D-7)x+y=0;-2x+(D-5)y=0
solving for ywe get D*-12D+37 y=0
The AEism® —12m+37=0=>m=6+i
Page 19
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- y=e% ¢ cost+c,sint
o . dy
substituting yin E—Zx—Sy =0
x—1 Q—S —l[e‘“ —¢, sint+c, cost +6e® c cost+c,sint —5e® ¢ cost+c,sint ]
=5t Y= 5 1 2 1 2 1 2

6t
e .
=7[ C,+C, COst+ ¢,—¢ sint]

12) Solve p*—4x°p—12x*y =0, obtain the singular solution also. . (Jan 2015)
Sol: The given equation is solvable for y only.
p? —4x’p-12x'y =0 ........... (1)_

p®+4x°p
S L ]
Y=o (X, p)
Differentiating (1) w.r.t.x,
2p%+4x5%+20x4p—12x4p—48x3y:0
dx dx

2 5
@(2p+4x5) +8x3(xp—p+—44Xp) =0
dx 2X

d 2
(p+2x5)d—z=7p(p+2x5)

dp_2p_,
dx X

= Integrating log+/p —logx =k

= p=c’x* .. equation (1) becomes

¢t +4c’x® =12y
Setting ¢® = k the general solution becomes

k? +4kx® =12y

Differentiating w.r tk partially we get
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2k+4x*=0
Using k = —2x> in general solution we get
x® +3y =0 as the singular solution

X — +X =2p,byreducing into Clairaut's form,taking the
13) Solve Px=y b P.bY g g . (Jan 2015)

substitution X = x2,Y =y

Solution: Let X = x2:>d—X:2x
dx
Y =X :>d—X=2y
dy
Now, p= dy _dy dv X dItP_d—Y
dx dY dX dx dx

P:i.p.2x or p:—P
2y y

D=EP

W
Consider (px—y)(py +x) =

X X X
{Wpﬁ_ﬁ} [Wpﬁwﬂ 20

(PX —Y)(P+1)=2P
2P

Y=PX-———
P+1

Is in the Clairaut’s form and hence the associated general solution is

Y —ox - %
c+1

Thus the required general solution of the given equation is y* = cx> o1
c

14) Solve p°® —4xyp+8y? =0 by solving for x.. (Jan 2015)
Solution: The given equation is solvable for x only.
p’—4xyp+8y° =0
p’+8y* _
4yp
Differentiating (1) w.rt.y,

dp dp
3p? =X _4x
p dy y— dy

X= f(y, p)

—4yp.1—4px+16y =0
p
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@(3p2 —4xy) =4px—12y
dy

3 2 3 2
d_p|:3p2 p +8y :|:|:p +8y _12y:|

dy p y
d_p{sz—syz} p° -4y’

dy p y

2 d p’—4y?
=P (p2-ayr)=

p dy

2dp_1

pdy vy

2logp=1logy+logc

U sin g P = /ey in(1) we have,

cy oy —4xy,fey +8y? =0
Dividingthroughout by y\/y: y% we have,
cJc—4xJc+8y =0

Je(c—-4x)=-8\y

Thus the general solutionisc(c — 4x)* =64y

15) Solve P(P+Y) =X(X+Y) (June 2014)

Sol: The given equationis, p°+ py —X(Xx+y) =0

—yi\/y2+4x(x+y)
p:
2
—yi\/4x2+4xy+y2 —y+(2x+Y)
p: —

2 2
ie, p=x orp=w=—(yﬂ<)
We have,

2
ﬂ=x:>yzx—+k
dx 2

Also, dy =—Yy+X
dx
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ie., %+ y =—X,isalinear d.e (similar tothe previous problem)
X

P=1 Q=—x;eIPdX =g

Hence ye* = _f—xexdx+c

ie., ye* =—(xe* —e*) +c, integrating by parts.

Thusthe general solutionis givenby (2y — x> —c) [ex(y +x-1) —c]: 0

16) Obtain the general solution and singular solution of the equation

2
y=2px+p°y. (June 2014)
Solution: The given equation is solvable for x and it can be written as
2X = % o ) @
Differentiating w.r.t y we get
2 1 ydo_
p p p°dy dy

Ignoring (%Jr prhich does not containg—p,this gives
y
1+ld—p=0 or ﬂ+d—p=0
p dy y p
Integrating we get

substituting for p from 2 in (1)

y® = 2cx+C?

17) Obtain the general solution and singular solution of the Clairaut’s equation Xp3 - yp2 +1=0.
(Dec 2013)

Solution: The given equation can be written as

xp® +1
= 2

=>y= px+éisintheClairaut's formy = px+ f(p)
whose general solutionisy = cx + f(c)

_ 1
Thus general solutionis y = cx +—
C

Differnetiating partially w.r.t.c we get
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13
0= x—%:c=(g)
c X

Thus general solution becomes

2 1/3 X 2/3
yz(_j X+(—) :22’3y:3x2’3
X 2

or 4y®=27x’

18) Solve p® +2pycot x = y* . (Dec 2013)

Solution: Dividing throughout by p? the equation can be written as
2

y—z—z—ycotx =1 adding cot® xtob.s
p p

2
#—Z—F:/cotx+cot2 X =1+ cot® x

2
or (l —cot XJ =cosec’x
p

:>1—cotx=ircosecx
p
szcotxicosecx
dy / dx
:ﬂ: sin x dx andd—yz sin x
y cosx+1 y cosx-1

Integrating these two equations we get
y(cosx+1)=c, and y(cosx-1)=c,

general solutionis
y(cosx+1)—c y(cosx-1)—c =0
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MODULE 3
PARTIAL DIFFERENTIAL EQUATION

1) Form the partial differential equation of Z =y f(x) + xg(y) where f and g are
arbitrary functions. (Jan 2016)

.0z

Sol - ==
X
o

=g(y) + yf '(x);

ay—xg'(y)+ f (x)

Substituting  g'(y) and f '(x)

0%z oz

ooy &+y5—[xg(y)+yf(><)]
o'z _yor o

Xyaxay_ ox yay

This is the required pde.

Xy

2
2. Derive one dimensional heat equation as %u =c? % . (Jan 2016, July 2015)

Sol:

Consider a heat conducting homogeneous rod of length L placed along x-axis. One end of the

rod at x=0(Origin) and the other end of the rod at x=L.
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Assume that the rod as constant density p and uniform cross section A. Also assume that the rod

is insulated laterally and therefore heat flows only in the x direction. The rod is sufficiently thin
so that the temperature is same at all points of any cross sectional area of the rod.

Let u(x, t) be the temperature of the cross section at the point x at any time t.

The amount of heat crossing any section of the rod per second depends on the area A of the cross

. . . . ou
section, the thermal conductivity k of the material of rod and the temperature gradient —

i.e., the rate of change of temperature with respect to distance normal to the area.

Therefore g, the quantity of heat flowing into the cross section at a distance x in unit time is

ou

=—kA| — | persecond
0 (axlp

Negative sign appears because heat flows in the direction of decreasing temperature (as x
increases u decreases )

g, the quantity of heat flowing out of the cross section at a distance X +ox
(i.e, the rate of heat flow at cross section X+ X )

a, :—kA[g—uj per second
X X+OX

The rate of change of heat content in segment of the rod between x and x+[1 x must be equal to
net heat flow into this segment of the rod is

ou aou
—g. =kAl| = - = ersecond............. 1
ql q2 |:( aX jx+5x (ax )x}p ( )

But the rate of increase of heat in the rod

Where S is the specific heat, p the density of material.

~ From (1) & (2)
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spronZoiaf[2) ()]
X X+0X X X

(&) (&)
ou K OX )yrsx  \OX J,

orsp— =
P o Sx

Taking limitas 6x — 0, we have

o ,0u __ou k o
sp—=k—or—=——
ot ox ot sp ox
2
orﬁ—u= Za—g ........................... (3) where c2=L
ot OX Sp

Is known as diffusivity constant.

Equation (3) is the one dimensional heat equation which is second order homogenous and
parabolic type.

3. From the function f(x*+ y?, z-xy) = 0 form the partial differential equation . (July 2015)
Sol: Let u = x*+ y? and v= z-xy so that the given relation is f(u,v) = 0
Differentiating this partially w.r.t x and y, we get

of of ( oz
—(@2xX)+—| —-y |=0
au( )+6v(6x yj

Eliminating (;i and % fromthese equations, we get

u
2X Q—y
OX
=0
0z
2y ——X
oy

orxg—x - (@_ j—o
oy Vi Y)™
orxg— (gj—xz— 2
Py yax_ y

This is the required partial differential equation.
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4) Derive one dimensional wave equation as ot~ ox* (July 2015)
Sol:

Consider a tightly stretched elastic string of length | stretched between two points O and A and
displaced slightly from its equilibrium position OA. Taking O as origin and OA as x axis and a
perpendicular line through O as Y- axis. We shall find the displacement y a function of the
distance x and the time t.

We shall obtain the equation of motion of string under the following assumptions.
The string is perfectly flexible and offers no resistance to bending

Points on the string move only in the vertical direction, there is no motion in the horizontal
direction. The motion takes place entirely in the X Y plane .

Gravitational forces on the string are neglected.

Let m be the mass per unit length of the string. Consider the motion of an element PQ of length
0s . Since the string does not offer resistance to bending, the tensions T;

At P and T, at Q are tangential to the curve.

Since the is no motion in the horizontal direction, some of the forces in the horizontal direction
must be zero.

i.e., - Toicos[] + TeosPp=0 or T1cos[ | = Tcosp=T=constant.....(1)
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Since gravitational force on the string is neglected , the only two forces acting on the string are
the vertical components of tension - T;sinl] at P and Tsinf at Q with up[ward direction takes as
positive.

Mass of an element PQ is m Js . By Newton’s second law of motion , the equation of motion in
the vertical direction is

Resultant of forces = mass *acceleration

2

T,sinp - Tasin( ZMS% .............. ).
- - 2
ggives T,sing _Tisina_més o 2/
1 T,cosp T cosaa T ot
2
or tan g —tan a=m—558—¥
T ot

o’y T
~— 2 tanpB-tan
ot2  mds P ¢

ry_ T (ﬂ) _(@J
ot mos|\ox )., \ox)

(-os=0oxtoa first approximationand tan « , tan S arethe slopes of the curve of the string at xand X+ Jx)

&, 15)
azy_l OX X+IX X X

o2 m SX

Taking Limitasox— 0

2 2 2 2
8_2’:18—2/ or 8_2/:(:26_2/ ................... (3) wherec? T
ot® m ox ot OX m

Which is the partial differential equation giving the transverse vibrations of the string .

Equation (3) is the one dimensional wave equation which is second order homogenous and
parabolic type.

5) Solve z,, =sinxsiny for whichz, = -2sin ywhenx=0and z=0

when y is an odd multiple of% . (Jan 2015)

Solution: Here we first find z by integration and apply the given conditions to determine the arbitrary
functions occurring as constants of integration.

The given PDF can be written as ol sin xsin y
ox\ oy
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Integrating w.r.t X treating y as constant,

% =siny jsin xdx+ f(y)=-sinycosx+ f(y)

Integrating w.r.t y treating x as constant
Z=—CoSX jsin ydy+ jf (y)dy+g(X)
z= —cosx (—cosy)+F(y)+g(x),

where F (y)= [f (y)dy.
Thus z =cosxcosy+ F(y)+g(x)

Alsoby data,%:—ZSin y whenx =0. U sin g thisin (1)

—2siny=(-siny).1+ f(y) (cos0=1)

Hence F(y)= jf (y)dy = I—sin ydy=cosy
Withthis, (2) becomes z = cos X cos y +€0S Y + g(X)

U sin g theconditionthatz =0 if y=(2n +1)%in (3)we have
v T
0 =cos xcos(2n +1)E+COS xc(2n +1)E+ g(x)

Butcos(2n +1)% =0.and hence0=0+0+g(x)

Thus the solution of the PDE is given by
Z=COS X COSy + COSy

6) Solve: Xx*—y?—z* P+2xyq=2xz (Jan 2015)
Solution: The given equation is of the form Pp +Qq = R.
The auxiliary equations are
dx _dy dz
x?—y®—z? 2xy 2xz
Taking the second and third terms we have,
dy . dy_de
2Xy 2xz y z
Integrating we get, log y = log z + log C;
Log (y/z) = logc,
Using multipliers X, y, z each ratio in (1) is equal to
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xdx + ydy + zdz _xdx+ydy+zdz xdx+ydy+zdz

15MAT21

X2 —xy> —xz? +2xy? +2xz° X+ xy* +xz° X X2 +y2+72

Letusconsider
dy xdx+ydy+zdz
2xy  xX(xX*+y*+1z°)

Integrating we get, log y = log (x* + y* +z%) +logc,
Thus a general solution of the PDE is given by
p(ylz, yIx*+y*+2°)=0

7) Solve by the method of variables 3u, +2u, =0, giventhatu(x,0) = 4e™

Solution: Given 3%+26_u =0

Assume solution of (1) as
U=XY where X=X(xX);Y =Y (y)

ou ou
3—(xy)+2—(xy)=0
8x( y) ax( y)

dx dy X dx Y dy
Letid—X:K :>3d—x=kdx
X dx

=3log X =kx+¢, = IogX:%+cl

kx

=X =e3 "
Let 29 _y o dY _—Kay
Y dy Y 2
—Kdy ;ky“:z
=logY = +C,=>Y =¢e

Substituting (2) &(3) in (2)
Xy

U= eK[3 2j+q+c2

Also u(x,0) =4e™”
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ka

ie., 47 = Ae (?J =4de™ = Ae
Comparing we get A=4 & K=-3

kx
3

Xy

U=4e [3 ZJ is required solution.

8) Form the partial differential equation by eliminating the arbitrary functions from
z = f(y-2x)+g(2y-x) (June 2014)
Solution: By data, z = f(y-2x)+g(2y-x)

0z , ,
p===21(y=29)-9'2y-x)
X

oz
q=—=Tf'(y-2x)+29'(2y-x)

oy

azz " "

r:W:M (Y=2X)+9"(2Y = X)eerverrennns @
= 0y —2X)=2G"(2Y = X)onl(2)
xoy 2T Y720 72072y )

azz " ”n
t:W:f (Y=2X)+49"(2Y = X)eeoverreiriens 3
Dx2+(2)=2r+s=6f"(y—2X)ceccvsvnens (4)
(2)x2+(3) = 25+t ==-3F"(y—2X)............ (5)
Nowdividing (4) by (5) we get
2r+S:—2 or2r+5s+2t=0
25+t

2 2 2
Thus 28 §+5 0z +2a 2 = 0istherequired PDE
OX oxoy oy

9) Solve: x*—yz P+ y?—zx q=12°-xy (June 2014, Dec 2013)

Solution: The given equation is of the form Pp +Qq = R.
The auxiliary equations are
dx  dy  dz
X2—yz yi-zx 2% —xy
Equivalently we can write in the form,
dx —dy 3 dy —dz B dz —dx

X2—y? 4z x-y  y*-7* +xy-z °-X* +y 7-X
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ie. dx —dy _ dy —dz _ dz —dx
X—y X+y+2 Yy—2 X+Yy+z Z-X X+Yy+z

or dx—dyzdy—dz:dz—dx
X—y y—z Z-X

Fromthe firstand second termsof (1) we have,

X—y X—
:Iog(—jzlogq:—:cl
y-z y-z

d x-y dy-z
X-y  y-z

Similarly we get 7 —% = c,

Thusthe general solutionis

¢(ﬂ ujzo

y—2 zZ-X
. ou du . 5
11) Solve by the method of variables 4d_ +5 =3u, giventhatu(0, y) = 2e””
X

(Jan 2015, June2014)
Solution: Given 4a_u+6_u =3u
ox oy

Assume solution of (1) as
u= XY where X = X(x);Y =Y(y)

o o
4§(xv)+5(xv):3xv

=4Y d—X+Xd—Y:3XY :>id—x+1d—Y:3
dx dy X dx Y dy
PRI SN
X dx Y dy

Separating var iables and int egrating we get

:IogX:%+c1, logY = 3-k y+¢c,

kx

L
= X =e* and Y =e
kx kx
—+ 3-ky —+3-ky
Hence u= XY =e %" ¢4 = Ae* where A=¢ %*%

3-k y+c,

put x=0 and u = 2¢e*

The general solutionbecomes

2¢” = Ae >V = A=2and k=2
.. Particular solutionis

—-X
u=202"
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2
11)  12) Solve % +z =0giventhat whenx =0,z =¢’ and g_z =1 (Dec 2013)
X X
Solution: Let us suppose that z is a function of x only, the PDE assumes the form of ODE
2
d—§+z:0:> D*+1z=0 WhereD=i
dx dx
AE. mM*+1=0=m=xi
The solution of the ODE
Z=C,COSX+C,SinX
z= f(y)cosx+g(y)sinx....1)by replacing ¢, &c, by functionsof y
Now putx=0and z =e” in(1)
-’ =f(y)cosO0+g(y)sin0=¢e’ = f(y)
Again putx =0 and a =1
OX

Differentiating (1) partially w.r.t x

2—2:—f (y)sinx+g(y)cosx =1=—f(y)sin0+g(y)cosO
X

~g(y)=1

equation (1) becomes

Z=¢e’cosX+Sin X
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MODULE-4
INTEGRAL CALCULUS

12-x

1. Evaluate _[ J. xy dy dx changing the order of integration. (July 2015)

0 x?

12-x

Sol:Let | = '[ '[xydydx
5 2

Toidentify the region of integration R let us find the point of intersection of the curves
y=x*and y=2-x
=>x=1,x=-2 and y=1,y=4

On changing the order we must have constant limits for y and variable limits for to
cover thesame region

2 2-y

Xydxdy + I J'xydxdy

y=1x=0

N 2 X2 2-y
} dy+ | y{?} dy

x=0

Il
—
—_—<

<
I
o
>
Il
o
>
N[ %

<

Il
L—r

1 y2 1 2
= [ Sy+ [y@-y)idy
y=0 y=1
3 ! 3 47?
[t
6 2 3 4|
=3
8

2.Evaluate I x? +y? + 2% dxdydz (Jan 2016)

!

b 372
j{x Z+Yy z+—} dydx
b —-a

b
I
-b
Solution : ]
.
!

b 3
J‘{Zax +2ay’ +—}dydx
b

c 3 b
J'{Zaxzy+2a y*/3 +2%y} dx
—C b
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c 3
— j{4abx2+4a b®/3 +4Zb}dx

3 C
={4ab x*/3 +4a b*/3 x+42bx}

_8abc® 8ab’c  8a’hc

+ +
3 3 3
_8aC b
o’z ... 0 .
3) Solve = Sinxsin y, for which — =-2siny when x=0and z=0
OXoy oy

. . Jan 2016, July2015
when yis anodd multiple of % y

Sol : i(@] = Sinxsinyy,
OX\ oy

Integrating w.r.t xtreating y as constant

oz . :
— =siny |sinxdx+ f (y)
o~y |

0z .
—=- Q) . 1
Y sinycosx+ f(y) @

integrating w.r.t ytreating x as constant

Z=-cosX(—cosy)+F(y)+g(x) whereF(y)= j'f (y)dy
.z=cosxcosy+F(y)+g(x)...... (2)

by given data (1) becomes

-2siny = -siny.1+f(y) > f(y) =-siny

hence F(y) = j-sinydy = Cosy

(2) =z =cosxcosy+cosy+g(x)...... (3)

again by data 0 = cos xcos(2n +1) % +cos(2n+1) % +9(x)

but cos(2n +1)% =0, hence g(x)=0

solution of given PDE is
z=cosy(cosx+1)
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12z x+z

4. Evaluate _” I X+Yy+z dydxdz, (July 2015)

-10 x-z

1 7z x+z

Sol: Letl = ”I X+Yy+z dydxdz

-10 x-z

(xy+—+ zyj dx dz

X=Z

Axz +27° dxdz

= if[z(Zx )+22° (x)]
= 1J‘4z dz

=0
” Xy dx dy
5. Evaluate ®r , Where R is the region bounded by x- axis, the ordinate x=2a and the
parabola x’=4ay. (Jan 2016)

Sol: x>=4ay is a parabola symmetrical about the y-axis. The point of intersection of this curve
with x=2a is to be found. Hence 4a*=4ay or y=a

The point of intersection is (2a,a )
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| = J'J'xy dx dy
R

6. Evaluate ”e“xzﬂ’z) dxdy by changing into polar coordinates.
00

Solution. In polars we have x = r cos 6, y = r sin 6
¥+ v = rFand dedy = rdrdod

Since x, y varies from 0 to oo Y 4
r also varies from 0 to e
In the first quadrant ‘6’
varies from 0 to m/2

11,’2 oo

Thus [ = j je'“rdmfs
g6=0 r=0

15MAT21

(Jan 2016)

P(xy)

» W
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R

Put =1 rdr= a
2
t also varies from 0 to eo
T
_t
I = j Je S o
a=0 t=0
| w2 .
—I
= 3 [[-e | ao
a=10
-1 2
= 5 J(0-nae
]
1%
=+ J'l.de
0
+1 2 +1 = T
B =) L
2 [ ]O 2 2 4
7) Find the area between the parabolas y’=4ax and x* = 4ay (July 2015)
Sol: We have y*=4ax ..................... (1) and x2=4ay.........cc.......... Q).

Solving (1) and (2) we get the point of intersections (0,0) and (4a,4a) .

The shaded portion in the figure is the required area divide the arc into horizontal strips of
width oy

y2

X varies from p, Ta to Q./4ay and theny varies from O, y=0to A, y=4a .

Therefore the required area is

a \/T a 42
4J.dy 4_[ydx=4jdy X v
0 ¥ 0 y

” 4a
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4a

y 1y°
4a ——d = -
I{ }y Vs
2 0
—4 2—— da
12a }
3 34738

8) Define Gamma functionand Beta function. ProvethatI” 1/2 = Jr

Sol:I' n = je‘xx”‘ldx, (n>0) iscalled Gamma function.
0

1
B(m,n) = j X"(1-x)"dx, (m,n>0) iscalled Beta function.
0

I'mIn
Wehave g(m,n)=———, put m=n=1/2
[ m+n

BLI2,1/2)= d q?gqutr O!

pLI2112) = §Q2DI

nowconsider A(m,n) =2 j sin®™* @ cos™" 4d g
0
72 72

p121/2)=2 J'sin"@cos0 606 =2 J'ldez T

E {0 Y Y
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I'mTI n

9) Provethat f(m,n) = —— (Jan 2016)

I' m+n

Solution :We have by the definition of Betaand the Gamma function
zl2

p(m,n)=2 J’sinz”"l @cos*"tadeé......... )
0

I'(n)=2 J'e’xzxz”’ldx ............... 2)
0
r'(m)=2 j AR iaias O )
0

evaluating RHS by changing into polars put x =rcosé,y =rsiné
x?+y®=r? dxdy =rdrd@, r:0 > cand 8:0 > z/2

o 7/2

B)=T(m)I(n)=4[ [e" €cos0 P ino ¥ rdrdo

- 4Tlf e G"”z”‘l cos™" " @ In 0"¥ 'drdo
00

zl2

- [2 J'e*rz rz@”)dr} {2 I sin®"* @ cos*"* Hdeo
0 0

=T(m+n).A(m,n) by using (1) and (4)

Thus g(m,n) = 1}%—??;

10) Show that thearea between the parabolas y? = 4ax, and x* = 4ay s % a’

Sol: Solving y* = 4axand x* = 4ay we get
y:0 —>4aand x:y*/4a — /4ay

4a 4ay 4a n
. - _ _ J ay
.. required area= jdy j dx = jdy X 2 1a
0 y*4a 0

4a
= I J4ay —y?/4a dy
0

(July 2015, Jan 2016)
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3 4a3 |
_ M 4g 2 1 43°
3 12a

_ 32, 16,

3 3
_16 .

3

11) Find the volume common to the cylinders x*+y*=a® and x*+z°=a’ (Jan 2016)

Sol: In the given region z varies from —+/a®—-x? to ++va®—x* andy varies from —va® — x?
to ++/a®—x* .for z=0, y=0 x varies from —a to a

Therefore, required volume is

a a2 2 a?x?
V= _[ j j dzdydx

X=—ay=_\Ja?-x? z=—a’-x*

a =
:ZI[\/aZ—xzy} dx

:2_[ Ja2—x22a% - x? dx
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a 372
:4.[ a® —x? dx=4[a2x—x—}
_a 3 -a

:4_(613 _%_[_as %ﬂ

B 3 3
_ 4l 243 _ 2a _ 16a
i 3 4
12) Evaluate IJ’ o using betaand gamma function (June 2015)
0 \/1— X4

Solution:  Put x* =sin@ = x =+/sin@ = dx = ——=—cos0d ¥
2/sin@
zl2 712 1
1= | cosd d6 = jlsin 2 0d6
5 2sin0+\1-sin?6 ;2
1
_1Vrly
22 .3
4
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MODULE-5
LAPLACE TRANSFORMS
1. FindL e™*sin3t+e'tcost . (Jan 2016)
Sol.L sin3t =—
s°+9
L e?sin3t :%
S“+4s+12
L cost =—;
s°+1
L tcost = -1 i( 25 )
ds\s“+1
s*+1 —s(2s)
= — ﬁ
s +1
_J1=st| "1
s +1| s°+1
. s+1°-1
L e'tcost =———
s+1 +1
8P +2s
$°+2s+2
3 s*+2s

oL e*sin3t+e'tcost =— -
s°+4s+12 s"+2s+2

2. Find the inverse Laplace transform of # (Jan 2016)
s-1" s+2
_ 4s+5
Sol.L™ >
s—1 s+2
45+5 A N B C

= +
s—1° s+2 S+l s41” s+2
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4s+5=A s+1 S+2 +B s+2 +C s+1°
on solving, A=3,B=1,C=-3

3 L N =3L-1{i}+rl L —3|_-1{—1 }
s—1° s+2 s+1 s+1 S+2

=3 '+etL? {i} —3™

SZ

=3 "'+e't-3e*

3. Solve y"+6y'+9y=12t%¢"* by Laplace transform method with y(0) = 0 =y*(0). (Jan 2016)

Sol.y"(t)+6y'(t) +9y(t) =12t%e™
L y"(t) +6L y'(t) +9L y(t) =12L|e™t’ |

, 12.2!
s’L y(t) —sy(0)-y'(0) +6 sL y(t) —y(0) +9L y() = Y
using given initial conditions we obtain,
s+6s+9 L y(t) = 24 -
s+3
24
L y(t) = ;
s+3
24
y(t)=L"
5+3°
-3t -1 1 -3t t4
y(t)=24e L —5 =24e a
Ly =e¥t?
cost,0<t<rz
4. Express f(t)=41 ,7<t<2z in terms of unit step function and hence find its Laplace
sint,t>2r
transform . (Jan 2016)
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sol: f(t)=cost+(1—cost)u(t—z)+(sint-)u(t—-2x)
L{f (t)}= L{cos} + L{(1—cost)u(t — z)}+ L{(sint —Du(t — 27)}.....(1)
LetF(t—z)=1-cost ; G(t—2x)=sint-1
F(t)=1-cos(t+7) ; G(t)=sin(t+27)-1
F(t) =1-cost 'G(t)—sint—l

—= 1 S 1
~F(s)==+ 5 G( )—
s s°+1 s? +1 S

L[F (t—)u(t—7)]=e " F(s)
L[G(t - 27)u(t — 27)] = e 2 G(s)

L[L-cost)u(t—z)]=e " (% + S J

s*+1
L[(sint—=Du(t —27)] = e‘z”s( ! —1)
s +1 s
.. equ(2) becomes

S (1 S s 1 1
R e L

5. Solve y"+6y'+9y=12t’%¢"* by Laplace transform method with y(0) = 0 =y*(0). (Jan 2016)
Sol.y"(t)+6y'(t)+9y(t) =12t%™

L y"(t) +6L y'(t) +9L y(t) 12L[ et ]

, , 12.21
s°L y(t) —sy(0)-y'(0) +6 sL y(t) —y(0) +9L y(t) =

s+3°
using given initial conditions we obtain,
s+6s+9 L y(t) = 24 -
s+3
24
L y@® = ;
S+3

24
=t
YO [ S+3 SJ

y(t) =24 L L :24e’3tﬁ
s° 41

Ly =e¥t!
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6. Find L{M} (Jan 2016)
Sol : Let f (t) = cosat— cosbt
z S S
~f(s) = -
®) s’+a®> s’+b’
) ( s j
hence L - ds
[ J s’+a’ s +b2
L[—Cosat; COSbt} = %[Iog(s ?+a”)—log(s 2+b2)]j
_l_log(sz+a2) ’
2( log(s®+b?) |,
1, 1+a/ (sz+a2)
==|limlog T
s> 1 q4b / (s +b?)
1 (s +a“)
==| logl-lo
2{ s ( b >H
1 Iog (s +b? )
2 (s*+a )
I_[cosat cosbt (s’+b*)
(s2+a?)’
at —at
7. Find the Laplace transform of te™ sin 3t and € (July 2015)
3 B 3

Sol :(i)L(sin3t) = 23 o L(te™sin3t) =
s°+9

s+4249 s?+85+25

Hence L(te ™ sin3t) = —d{ 3 } __ 3(2s+8)

ds s*+8s+25] 42,854 95°
thus L(te™ sin3t) = 6(S—+4)2
s?+8s+25
(ii) Let f (t) =™ —e™
SO = LE) -LEe ™) =—— -1 _F(s)

S—a S+a
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L{e"t—tea‘};ﬁ[( 1 1 jds: log(s—a) - log(s+a) _

s—a s+a
. s—a s—a
=lim log| — |- log| —
s s+a s+a
a
1-=2
. S S—a
=lim log — | Iog(—j
S—>w
1.2 s+a

S

8. Express f(t) in terms of unit step function and find its Laplace transform given that
t> O<t<?2
ft)=t{4t,2<t<4 (July 2015)
8 ,t>4
Sol: f(t)=f,(t)+ f,(t)— f,(t) utt—-a)+ f,(t)—f,(t) u(t-Db)
=t’+[4t-t* Ju(t-2)+ 8-4t u(t-4)
{f®} =L{t3+L [4t-t"[ut-2) +L 8-4t ut-4) ...Q1)
Let F, (t-2) = 4t —t?
F()=4(t+2)- t+2°
=4t+8—t°—4t—4
=—t*+4

L{Fl(t)}{—s%

L Hit—t* Jut-2) }e-ZS(f—Ej ........ (2)

s s°
Let F, (t—4) =8 — 4t
F(t)=8-4 t+4 =—-4t—8

4 8
L H{Ft)}=———-
:_4e48(_+_j ...... 3) S

— -4
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9. Find L'*{————— lusing convolution theorem. (July 2015)
s+1 s*+9
1 1
Sol:Let F(s) =——and G(s) = —
s+1 s°+9

f(t)=L" F(s) =L—1{i}=e—t
s+1

gt)=L" G(s) :L‘l{sz1 9}:%sin3t
+

Ll{;}le F(s)G(s) = f(D)*g(t)

s+1 s*+9

t t
= If(t—u)g(u)du = Ie‘ o %.sin 3udu
0 0

t U /s _ t
=1e‘t je“sin3udu =1e-t e"(sin3u—3cos3u)
3 3

5

0

1 .
—Ee {(SlnBt—3c033t)+3}

:% {13t—30083t+3e_t }

t 0<t<l .
10. A periodic function f(t) with period 2 is defined by f (t) ={ SUS find L{f)
2-1,1<t<?2
(July 2015)
1 T
Sol WehaveT =2and L (1) = —— fe=f(nat
0

1
1_ efsT

Zje‘“ f (t)dt

0

1 1 2
- {jtestdu [ 2-t e“dt}
1-e7 | 7

L f(t) =
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s e ]
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- 1
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=~ 2" +lie™

s? 1-e° 1+e°

—e° eas/2 _ e—as/2
L f(t) = =
S2 l+ e—s SZ eas/Z + e~as/2

oL f() =23nh@sl2) 1 ihas2)
s>.2cosh(as/2) s°

11. Find L 255—_2+|og(i2—1j
3s°+4s+8 S
55-2 1 55-2 1
Sol:L*{—————+log| =-1|;=L' ——F—1t+Llog| = -1 |;...(
{332+4s+8 9(82 j} {3SZ+4S+8} { g(sz )} @
L‘l{ 5s—2 }
3s’ +4s+8
2
consider352+4s+8=3[sz+is+§]=3 (ng .20
3 3 3 9

53—2=5(s+§) 16

(July 2015)

3

5(s+2j—16
L‘l{ 55-2 }:L;l 3) 3

3s? +4s5+8

e J20. 16 . 20
= {SCOS 3t 720 3 t} ..... (2)
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2

f(s)= Iog( j log(1—s?)—2log's

_F(s)= 2{1 328—1}
LM -T(s)]=2L" {%—Sf_l}
2(1—cosht)

SO =T e 9)

_ 3
)= L 253 2 +log iz _qL_® 5 cos @ 16 \/_ 2(1 cosht)
3s? +4s+8 S 3 J_ 3 t

12. Solve using Laplace transform method % - Zﬂ +y=te " withy(0)=1,y'(0)=-2

dt
(July 2015)

Sol: y"(©)+2y'(t)+y(t)=te™
L y"(t) +2L y'(t) +L y(t) =L[e™t]
1

s?L y(t) —sy(0)—y'(0) +2 sL y(t) —y(0) +L y(t) = ;
s+1

using given initial conditions we obtain,
1

2
s+1

S +2s+1 L y(t) —s+2-2=

s+1°L y(t) =s+

2
s+1

S 1
L y(t) = >+ 7
s+1 s+1

s+1 1 1
y(t): 2 +

s+1 s+12 s+14
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ool 2]

P S
Lyl)=e (1 t+6j

13) Find L t(sin®t—cos’t) (Jan 2015)
- 3 3 1 - - 1
. sin“t—cos’t == (3sint—sin 3t) —= (3cost —cos 3t)
Solution: 4 4
1

. 3 3 1| 3s S
L(sin®t —cos’t) == - -
( ) 4{52+1 sz+9} 4{52+1 sz+9}

U sin g the property:L tf (t) =—%[ f(s) | wehave,
1{ (s’ +1)-25° (s° +9)—2$2}

. 3] -2s 2s
L t(sin®t—cos®t) =—= + +
( ) 4 {(s2 +1)%  (s*+9)? } 4 (s* +1)° (s* +9)°
Thus
L t(sin®t—cos’t) :§ 21 5~ 21 2 1 3. (12 > )2 92 ° 2
2| (s°+D)° (s°+9) 41 (s°+1)° (s°+9)

14) Express f(t) in terms of unit step function and hence find the Laplace transform
t>? O<t<2
given that f(t) =<4t 2<t<4 (Jan 2015)
8 t>4
f(t) =t> + (4t —t*)u(t —2) + (8- 4t) +(t—4)

Solution:
L f(t) =L t* +L (4t—t*)u(t—2) +L (8—4t) (t—4)

_2 et At+2)— (t+2)* +e™L 8-4 (t+4)

-5
=£+e’25L[—t2+4J+e’4SL —4t-8

3

Page 52
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15) Find the value of J‘t?’e*t sintdt using Laplace transforms (Jan 2015)
0

Solution: We have

oj[e‘S‘t3sintdt—L(t3sint)— —13d—3[L sint ]——d—s[ ! }

: ds® ds® [ s* +1
] 2 2 2

d2 25 dl| s°+1 2-2s52 s°+1

ES R “ds 241"

Cd|2s2-2s sz+13(4s—2)— 25?25 3 s 41°

3 6

ds| s241 s?+1
45® —8s? +85-2
s°+1
Putting s = 1 in this result, we get
T s 1
Je ‘t*sintdt ==
; 8
This is the result as required.
- . . t, O<t<rm
16) Find Laplace transform of a periodic function f(t) = (Jan 2015)
7 —t, T<t<2r
Solution: Here T =2 7. Therefore
1 Zj
L f(t) =——< |e™f(D)dt
1-e7% &
-1 _”te““dt T t)e *dt
S e Jetr JEy
t t ] t t "
-S -S S -S
1 e e e e
=1f2“ t ) + 7Z'—t — |— —l VR
-¢ —S S —S S
0 T
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B 1 |:_7z,e7!8 e*I!S l ﬂ_e—lrs e—ZIrS e—;rs :|

- +—+ + -
1—e2m s 2 s s s? s?
1 1_ 2e—7rs e—27zs
— — T e—27rs _ e—ﬂs _ 2+
1-e°™| s S
17) ProvethatL S(t—a) =e™® (June 2014)

Solution: We shall first find the Laplace transform of &, (t—a)

LS. (t-a) = Ie’S‘ﬁg(t—a)dt
0

= [e™s,(t-a)dt+ [e™s,(t-a)dt+ [e™s,(t—a)dt
0 a a+e

ate

ie,L o (t-a) = je-stidt,byusingdeﬁnition
a &

1 efSt a+e 1
— = — = e—s(a+g) _ e—as
g| =S a &S

~L S (t-a) =e™ {1_8 }

&S

But L 5(t-a) = L[mﬁg(t—a)}:ml_ P.t-a)]

e Ilng{l_es }: e ® (By app|y|ng L'HOSpital 's rUIe)
£ c

It 0<t<a B E as
18) If f(t)_{Za—t, astsZa’Wheref(t+2a)_ f(t),showthat L f(t) _;tanh(?]

(June 2014)

Solution:  Here T=2a. Therefore L f(t) =

2a
—— |e " f(t)dt
1-e7 Oj

l a 2a
= —_“te‘“du I(Za—t)e‘“dt}

2as
1-e 5 :
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a 2a
—st —st —st —st
1 e e e e
- | € e 2at| T -1
—¢ —S S —S S
0 a
~ 1 _qe® g . . e—2as . ae® e
S s2  s2 g2 s s
— 1 1-2e™® + e—2as — (1_ e—aS)Z
s* 1-e?® s 1-e® 1+e™®
B (1_e—a5) B (easlz _e—as/2)

= = multiplied Nr.& Dr by e®'?
S2 ('_e—as) 52 as/2 +eas/23 p y )

2sinh(as/ 2) 1
L £t 2 =~ tanh(as/2
£ ¥ s2.2cosh(as/2) s> (8s/2)

1 O<t<1
19) Express f (t) =<t, 1<t <2 intermsof unitstep functionand hence find its
t?, t>2
Laplacetransform (June 2014)

Solution: f(t) =1+ (t—Du(t —1) +(t* —t)u(t-2)

L f(t) =L 1 +L (t-Du(t-1) +L (t*-t)u(t-2)

:£+e‘5L t +e L t>+3t+2

1

:—+e‘5—+e‘25{ Z)

++2
s % s

20) Find the inverse Laplace transform of tan™'(2/s%) (June 2014)

Let f(s)=tan™(2/s?%)
_ 1 4 _4s
f's) = ————— ="~
) tan'(4/s") s* s'+4

Hence L‘l[— f_’(s)}:L‘l[ 445 }

s"+4

tﬂozL{ 4s }

s*+4

Solution:
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Nows* +4 = (s* +2)° —4s* = (s* +2+2s) (s> +2-2s)
Also4s=(s*+2+2s)—(s* +2—2s)
4s  (s°+2+2s)—(s* +2-25)
st+4 (s2+2+25)—(s2+2-25)
1 1
T $242-25  S242+25

s"+4 §°—25+2 S°+25+2

Using()inL.H.S we have,
tf(t) =L {—12 }— L {—12 }
(s=-1)°+1 (s+1)°+1

1 1
tf (t)=e'L}| —— |—e'L*
®) L%l} Lﬁl}

tf (t)=e'sint—e™'sint =sint(e' —e™)
tf (t)=sont.2sinht

Hence

£ (t) = 2sintsinht
21) FindL™" ;2 using convolubn theorem (June 2014)
(s=D(s"+4)
Solution:

using convolution theorem.

s
(s—-1)(s"+4)
1 S

F(s) = 1 01(3)——(Sz+4) then

f(t)=L" F(s) =e* and g(t)=L" G(s) =cos2t

-1 S -t _ *
L {m}_L F(s)G(s) = f(t)*g(t)

t t
= jf (t-u)g(u)du= j'e““ cos2u du
0 0

t
=g je’” cos2u du
0
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=¢ 12e_22 (-1)cos2u +2sin2u
+

' r .
=€[e (25|n2t—0052t)+1]

=é(25in 2t—cos2t+e™)

22) Solve the following initial value problem by using Laplace transforms:
2
c(;tzl +4%+4y =e™"; y(0)=0,y'(0)=0
(Dec 2013)
Solution: The given equation is y"(t) +4y'(t) +4y(t) =e™
Taking Laplace transform on both sides we have,
L y"(t) +4L y'(t) +4L y(t) =L e

' 1
sL y(t) —sy(0)-y'(0) +4 sL y(t) —y(0)) +4L y(1) =11
using the given initial conditions we obtain,

L y(t) s*+4s+4 .
s+1

1 1
0| ey

1 A B C
Let 5= + + 5
(s+D(s+2)° s+1 s+2 s+2

Multiplying with (s +1) (s + 2)> we obtain
1=A(s+2)°+B(s+1)(s+2)+C(s+1)
Putting s =—1 we get A=1

Putting s=—2 we get C=-1
Putting s=0 we have 1=1(4)+B(2)-1(1) ..B=-1
1 -1 -1

Hence > = + + 5
(s+D(s+2)° s+1 s+2 g42
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L‘{—l Z}Ll[i}Ll[L}L{ ! 2]
(s+1(s+2) s+1 S+2 S+2

y(t):e—t _e—2t _e—2t L—l (%J

S
Thus y(t)=e'-e® —e?t=e"'—(1+t)e ™

55+3
23) Find L L‘l{ i }

2
€-1%"+25+5 (Dec 2013)
Solution: 55+ 3 A N Bs+C
C | €-1%+2s+5] s-1 € +2s+5

~
55 +3= A€’ +25+5 #(Bs+C)(s-1) = put s=1and s=0 we get A=1,C=2,B=-1

55+3 1 3-(s+1)
-1 X +25+5 s 1 €+1°
- +25+5, s-1 €+1°+4

Thus L“l{‘ —1}5521325 +5}: L{—S il +L7 —:’_ ‘;1/}
] €+1°+4

=et+e’tL’1[32—5}=et+e’t BL{ 21 - 25 }
s+ S +4 ] S +4

L 552+3 =g +e“[§.sin 2t — COS Zt}
€-1%°+25+5 2

2
24) U sin g convolution theorem evaluatel ™ — ZS 2
¢+a’ € +ra

(Dec 2013)

Solution : f(t)=L‘l[i"(s)]=cosat;g(t)=L‘1 g(s) =cosht

Nowapplying convolution theorem we have,

2 t
Ll{ - ZS — }— Icosau.cos(bt—bu)du
s+a’ s’+a

u=0
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t t
f)*g(t) =% cos(au + bt —bu) + j cos(au —bt + bu)du}
u=0

u=0

1[sin(au+bt—bu) _sin(au bt +bu)}t

2_ a—b a+b u=0
:1 i sin at —sin bt +L sinat +sinbt }
2| a-b a+b
1| . ) -2b
=_|sinat. +sinbt. ———
2 a® —b? az—bz}

1 a b 52 -
Thus L| f(t)=g(t) = a. —b. = <« f(s).0(s
{ *9(® a2+b2[ s?+a’ sz+b2ﬂ (2+a2}2+a2/ (5)9()

2 - -
Thus L S :asma;[ b;smbt
s+a’ s’ +b? a’-b

25) Solvey +2y —y —2y =0 given y(0)=y (0)=0and y (0) =6 by using

Laplace transform method
(Dec 2013)

Solution: TaKing laplace on both sides L[[y'“ )]+ L[2y ()] - L[y (©)]-2L[y(t)] = |(0)]
SILy(t) - s2y(0) — sy (0) - y' (0) §2 sfLy(t) - sy(0)— y'(0) § stLy(t) - y(0 3 2L[y(t)]=0
U sin g initial conditions we have

6
Ly(t) =
y(® S+2 s-1 s+1

6
t)=L"
v {s+2 s-1 s+1}

6 __A_ B C
s+2 s—1 s+1 s+2 s-1 s+1
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solving we get A=2,B=1,C=-3
6 2 1 -3
B = + +
s+2 s-1 s+1 s+2 s-1 s+1

e (S e ) ()
s+2 s-1 s+1 S+2 s-1 s+1

y(t)=2e? +¢' —3e™

7) Solve the initial value problem (D*®—-3D? +3D -1)y = 2t%", y(0) =1,y'(0) =0, y"(0) = -2

Solution : Taking the laplace transform of the given equation, we get

s’y —s?y(0)—sy'(0)—y"(0) —3 s®y—sy(0)—y'(0) +3 sy—y(0) —y=2. 213

U sin g given conditions we get €° —3s? +3s —1}/— (s* —=3s+1) =

—€-12y=(s*-3s+1)+

_ 3
(s> —3s+1) 4 €-1°-(s-1)-1 4
- s 7 - = + -
1> €17 ¢-1° ¢-1°
taking laplace transform we get

y=¢' 1ottty
2 30

=Y
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